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One man goes with an initial speed 3 yojanas per day and
the rate of acceleration 1 yojana per day, and another man goes
with the constant speed of 10 yojanas per day. In whar time will
they cover the same distance?

This problem is solved by the equation n = 2 (u -v)/f+1.
Here 'n' is the number of days required for the meeting of the
travellers. 'u’ is the uniform speed of the second traveller and 'v'
the initial speed of the first and 'f' is the acceleration of the first
traveller per day. Among the moving bodies two problems are
connected with the rate of their motion, i.e with acceleration
and without acceleration and in the same direction and in the
opposite direction of motion.

There 15 yet another type of motion in which the moving
bodies make forward and backward motions at a fixed speed. If
a body moves backward and forward at different speeds, then
time taken to reach the destination is to be calculated using
different speeds, then time taken to reach the destination is to be
calculated using a different formula. Sreedharacharya in pariganita
gives the rule (44.1)

On subtracting the backward motion (per day) from the
forward motion per day, the true distance travelled per day will
be obtained. (Dividing the distance by the true rate of distance
travelled per day, one can find out the umﬂj Bhaskaracharya 1
gives as exercise on this type of motion, in Bhaskarabhashya for

Aryabhateeya (118.4)

mifavfe e wveaie e
yafd 9 Ysan wfahrEiiafEd waq 1)

Naagovimsathihastha: pravisathyardhaangulam muburthena
prathyethi cha panchaamsam katht bhirabobhirbilam praaptham
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A serpent of 20 cubit long enters into the hole moving
forward at the rate of % of an angula per muhurta and backwarg
at the rate of 1/5 of an angula per muhurta, In how much time |
does the snake get into the hole completely? '

Here the difference of forward and backward motions
gives, the true forward distance travelled per unit time of
muhurta. When total length of the serpent is divided by true |

forward distance, the time taken by the serpent to enter in the
hole will be obtained.

A very interesting problem on the same topic is given from
another old Sanskrit mathematical book. This is requoted in
Patiganita book (example 32)

W fevssmierernE: it
sy AR sty |
Yo 9 aed o e e )
WA ¥ 99 AAed FeR RS 1)

Naagendro dina panchamamsanavamathryamsai: svapacdaanvithais
sbadbbn)uatb;hs:pudayo;;n:dahm n}ummmrd&unmm
Ps;rdbmbm cbf ibntbm yojanasatham kaalena kenaishya

thi
The best amongst the elephants goes forward at a rate of
(%% (1+1/4) (1-1/3) 1+ %) Jof a yojana in 6x1/5x1/9x1/3(1+1/
4) of a day and comes back at a rate of 2 (1-1/3) yojana in (1 + %)
days. In how much time will they go to a distance, 100 yojanas?
The rule applied here is the same as that of 2 body moving
forward and backward. True distance travelled, foreward, per
day is to be calculated from the difference and on dividing the

distance by that value. The same problem appears in Ganita sara
sangraha (V. 27)

L ]

Progression:
Progression is a chapter of great importance in
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mathematical calculations. Equations of both arithmetical md
Fc.mﬂric:i progression play important role in the calculation
of many transactions and also estimation of areas and vnlu_mcs
of geometrical figures. This was a subject used for various
applications in Indian mathematics too, even from the Vedic
period. Arithmetic progression is given in Taitiriya samhita of
the Yajurveda (VIL. 2, 12 - 17)

w W T 99 9 9 9 % @ 9§ R
T A FERN W gouEyr WH

Ekaa chame thisraschame pancha chame saptha cha me
nava cha ma ekaadasa cha ma thrayodasa chame pancha dasa dhame

It is the number order 1, 3, 5, 7, 9, 11, 13, 15, ...... etc.

Another recension of the Yajurveda-Vajasaneyee
Madhyandina samhita-also gives the arithmetic progression in
even numbers. In another book namely Bruhadevata (500 BC),
the result of the sum of arithmetic progression 1+2+3+4+5+....
+ 100 is given as 5050. A mathematical progression is compared
with an earthern drinking vessel with narrow bottom and steadily
increasing upper opening. Patiganita (rule 79) says:

e AREEIR TR W el
T T TeSEE e ||
Vistaaroalpodbastaadupari mabaan syaadyathaa saraavasya
sreddeekshethrasya thathaa gacchasamo lambakasthasya

As in the case of an earthern drinking glass the base of
which is smaller and the top wider, so also is the case with a

series in progression figures. The altitude (lambaka) of that series
figure is equal to the number of terms in the figure.

Le. a progression generally starts with a small number or
set and increases uniformly to large numbers.
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A variety of mathematical problems are given in an:j,em
Indian books on the series/progressions. Many of the equation;
taught in modern mathematics, are given in these books
Patiganita (rule 14.1) gives an equation for calculating the sup,

of a basic arithmetic progression as follows:

AFEATeeeHIeaad yafa defeaq ||
Saikapadaabathapadadalamekaadichayena bhavathi sankalitham
If the first term is unity and common difference is also

unity, then the sum is equal to half the number of terms
multiplied by total number of terms plus one.

Le Snof1+2+3+...+n =% n(n+1); where Sa is the sum
and n is the number of terms.

A few (among a number of) problems, of different nature
connected with determination of various parameters in the serjes
are given to cite examples of the deep knowledge on progressions.

BhaskaracharyaIin Aryabhateeyabhashya (105. 1) has given this
example:

A 3 dq@n: st St difr
T=S: 9o PR wEEN w1
Aadidvithayam drushtam sreddyaa: pravadanthi chottharam
threeni gaccha pancha niruktho madbyaaseshe dbane broohi
In a series, first term is 2; the common difference is stated
to be 3 and number of terms is 5. Tell me the middle term and
the sum of the series.
This example has also been given by Yallayya, Suryadeva i
and Raghunatha in their commentaries o Aryabhateeya (2.19).
In Bhaskarabhashya another example (106.3) is given for finding
out the desired term of a series in arithmetic progression.

UHTRINCTaT: Tar: Ysafivifts: |
ﬁlﬁﬂmﬁaﬁmﬁﬁﬁ?ﬁvﬁmn |
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!

Ekaadasottharaayaa: saptaade: panchavimsathirgacche
In an arithmetic progression, in which the common

difference is 11, first term is 7, the number of terms is 25. Quickly

say the ulumate and penultimate terms of that series and also
say what 15 the 20th term.

Here the last term and 20th term are to be calculated using
the equation: n™ term = a+ (n-1)d. Where a is the first term and
n is the total number of terms and d is the common difference.

When the first term and the last term of a series in an
arithmetic progression are given, determining the number of
terms Is given in this exercise (Bhaskarabhashya example 107.6)

Goafi e : YIEd: YsAMYaA Al WaEaH|
THEY Vi@ Jeo-sed cHaed | |
Panchabbiraadya: sankba: panchonasathena yo bhavedanthyam
Ekaadasasankhaanaam yatthanmoolyam thvamaachakshva

Of 11 conch shells, which are arranged in increasing order
of their prices (which are in arithmetic progression), the first

shell is acquired for 5 and the last for 95. Say what is the price of
the total shells.

Initial term (5), last term (95) and total terms (11) are
indirectly given in the above problem, as prices and number of
shells, respectively. From this the common difference and sum
are to be calculated using the equation given earlier.

Bhaskaracharya I also gives examples for finding out the
number of terms when first term, sum and the common
difference are given (Bhaskarabhashya 109.2)

TaETe gfEgE 79 dehiEd UA HEE:
THTEYR §€ WRUHOT =4 arsay ||
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In an arithmetic progression, common difference and the
first term are 9 and 8 respectively, the sum is 583. Tell me the
number of terms.

Using the first equation, answer can be found out, where
Sn = 583,a=8andd=9, This example is given for the application
of the rule given in Aryabhateeya (2-19)

™ % T wgEYeen agEne |
TRhEfite o mgEres wendeag

Diminish the given number of terms by one, then divide
by 2, then increase by the number of preceding terms (if any)
then multiply by the common difference and increase by the
first verm of the series. Result is the arithmetic mean (of the
given number of terms). This value multiplied by given number
of terms is the sum of the given terms. Or, multiply the sum of
the first and the last terms by half the number of terms i.e.

Arithmetic mean of the series = a + (n-1)} x d. Where a is the
first term, n is the number of terms and d is the common

difference.

Sum of the series = n (a+ % (n-1)d) Or % n (a+s3); s is the |
last term a and d are as explained above. 4

Another set of arithmetic progression which can be |
mathematically represented as follows is: 2+ (a+d)+(a+2d)+...
(a+(n-1)d). The following rule is used for getting the sum of the |
progression series. (Patiganita 85 b) 4

|
i
§
|
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The area of a progression (if it can be represented as a
geometrical figure) is equal to the product of the half of the sum
of the base and the face and the altitude. i.e Sn of a+(a+d) +

(a+2d)+..... @+(0-1)d)= (a+ % (n-1)d)n

Then arithmetic mean of n terms is given as follows by

converting the above form into another series, representing the
mean (as per rule)

(@+pd)+(@+ptixd)+... + @+p+in-1))d
Mean of the above series = a + (%(n-1)+p)d

When the above mean value is multiplied with the number
of terms n, the sum of the series will be obtained, as follows.
Sum of the series = n (a+(%(n-1)+p)d). The same rule appears
in Brahmasphuta siddhanta (XIL 42) and Ganitasara sangraha
(VIL.231.1a)

Aryabhatta I has given a complex equation for finding out
the number of terms in a series, if the sum is known, in the

above type of progression (Aryabhateeya 2-20)

TR, et |
gel foong wteoafad geamdy 1
moolam dvigunaadoonam svotthara bhajitham saroopaardham
Multiply the number of terms by 8 and by the common

difference, increase that by the square of the difference between
twice the first term and the common difference, and then take

the square root, then subtract twice the first term, then divide
by the common difference and add (to the quotient and take
half the value, that gives the number of terms in a series of nature.

a+(a+d)+(a+2d)+(a+3d) + ........
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n = Ya + (¥8ds + (Qad)’-22) +d +1

This rule has also appeared in Siddhfmta sekhara (XTII. 24),
Lilavati (rule 128) and Brahmasphuta !'allddhﬂﬂﬂ (XTI 1-3]'..1u
Patiganita (rule 87), Sreedharacharya gives an almost similar
equation for calculating the number of terms.

sSetmEaRe fenteras frEgfagEa |
e ferEH w= feeargd M=o 1|

Ashrottharabataphalatho duigunaads prachaya vivera kruthi yukthaath
moolam dvigunamsukhonam sachayam dvichayoddbrutham gaccha:

Multiply the sum of the series by 8 times the common
difference and to that product add the square of the difference
between twice the first term and common difference. Take square |
root of that. That diminished by twice the first term and |
increased by the common difference and divided by twice the |
common difference gives the number of terms in the series i.e
n = (V(8ds+(2a-d)?- 2a+d)+2d

Aryabhatta II in Mahasiddhanta (XV. 50) and Bhaskara II |
in Lilavati (128) have given another equation for the
determination of the number of terms in a series:

n=(V(2ds+(a-d/2)*- a+d/2)+d
Sripati in Siddhanta sekhara (XIII. 24) puts the above
equation in this form also: |

n= (V(s/% d+(a-¥d/d)*- (a-¥4d)/d)
In Patiganita (rule 14 ii) a method for finding the number
of terms in an arithmetic progression when the initial term and i'
the common difference are unity, is given.
i Feghiearqe Tesifarveasd || !'

Duiguneekrutha sankalithaanmoolam gacchovasishtasamam
108
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The number of terms is equal to the square root of twice
the sum of the series which must be the same as the residue left
(after the extraction of square root). Le n = V2Sn

For findin_g first term of the series Sreedharacharya has
given a rule (Patiganita 86.1)

The sum of a series, as divided by the number of terms of
the series, being diminished by half the common difference as

multipled by the number of terms minus 1, gives the first term
of the series 1.e First term 2 = §/p -1 d(n-1)

In Patiganita the equation for finding the first term is given
in rule 88

[ERECECUCR AR oE gt B 1 =

SRR VO, SR TR 1)
Vipadapadavargadalaabathamisraghanaathphbalamapaasya
parisishtam vyekapadaardhena bbajeth vyekena padaahathenaadi:

Having subtracted the sum of the series from the mixed
amount as multiplied by one half of the number of terms squared
minus the number of terms, divide the residue by one half of
(the difference of) the number of terms minus one, as diminished
by one and multiplied by the number of terms.

Thus the first term is a = (%(n*1)(a+d)-S) + (%(n-1)-1)n

Patiganita (86 ii) gives the rule for calculating the common
difference of a series.

TRahd HaH fRETsEeRd ¥=E: |
Padabruthaphalam mughonam nirekapadadalabrutham prachaya:
The sum of a series as divided by the number of terms (of

109

Scanned with CamScanner



the series dlmuhedbytheﬁmmmmd:hm_divided
by half nf}thh::fmber of terms minus 1, gives common difference
of the seres. |

Le. Common difference d = (5/(n-a)) + % (n-1). An applied
problem is given in Bhaskarabhashyam (106.4)

ARy Te & Fiia® FHEH
weeify wiurer: Yoaee Taraw: |
wfTe: T T Sy W
YAt wuq v R T 1

Dvyaadithriyutthara sanklyam dine dine kaarthike kramaanmaase

pradadaathi mabeepaala: panchadasaabe gathervipra:

brabmishta: sampraapthasthasmai datthaa |

kathaya dbanam kim thayosthathra

In the month of karthika, a king gave away some money
daily starting with 2 on the first day and increasing that by 3 per
day. Fifteen days having passed, there arrived a Brahmana (Vedic
scholar). The amount for the next 10 days was given to him and
that for the next 5 days (of the month) to another. What do the |
last two person get? |

Here the initial amount on the 15th day is to be calculated

as the nth value in the anthmetic progression starting from 2
and incresing by 3. The total sum (S10-sum for 10 days- from |
15th to 25 days are to be separately calculated as the first term !
the amount of 15th day and the common difference as 3 and the |
number of terms as 10. The same is to be repeated for the 26th |
to the 30th days (5 days) to calculate sum for 5 days (55) for |

second person. Solution for getting the partial sums can thus be
calculated.

Problem on the progression of 1 + (1+2)+(1+2+3)+
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type of series. B'f‘-‘hﬁchaxyt has given many problems on this
type of progression (109.1)

TN SR 9 9w |
TSRS (W W) ¥ arem 1
gacchastbaraasthri konaa (mnpuvidbummjczl me vaachyam

There are (three pyramidal) piles (of balls) having

respectively 5, 8 and 14 layers which i . Tell me th
number of units (balls) in};ac]:rf thu':llr:::.E s G

This problem is worked out as follows. In the topmost
layer of pyramidal piles, there is 1 ball; in the sacond layer from
the top, there are 1+2=3 balls; in the third layer 142+ 3=6;
like wise in the 4ch layer 10 balls and so on. Number of balls in
the first pile having 5 layers, is equal to 1+(142) +....... upto
fifth layer. The value is (5x6x7) 1/6. This formula is given in
Aryabhateeya (2-21)

TR R e |
VRN wfefreE: dwvee R a1
Ekottharaadyupachithergacchaadyekottharaathrisamvarga:

Of the series which has one for the first term and one for
the common difference, take three terms in coftinuation, of
which the first is equal to the given number of terms, and find
their continues product. That product or the number of terms
Plus one subtracted from the cube of that divided by 6 gives the
chitighana

Chitighana literally means, the solid content of a pile in
the shape of a pyramid on a triangular base. The pyramid so
constructed as 1 ball in the top and 1+ 2 balls next and so on. i.e.

111

Scanned with CamScanner



n(n+1)(n+2)/6 and (n+1)’ - (n+1) divided by 6 = Sn
Problem related with a series: 17+27+3*+.....n% type,

Aryabhateeya (2-22a) gives the rule for getting the sum of the
squares of terms in a series.

draeeTer Fu Feafiee TSl | |
Saikasagacchapadaanaam kramaath thri samargithasya shashtomsa; |
Continuous product of three quantities i.e the number of
terms, plus one, the same increased by the number of terms and
the number of terms when divided by 6 gives the sum of the
series of squares of natural numbers (varga chiti ghana)

Le for 12422+ 3 +.....n  series. The sum = n(n+1) (2n+1)
x 1/6 !

The sum of the squares of the terms of the given series can
be found out using the equation given by Sreedharacharya in
Patiganita (rule 105)

T (a+(r-1)d) = (a+(a+2d)+a+4d)+....to n terms) x a+
(124224 3%+.... (n-1)%. This has been described as follows:

fefora=in fod qaEwerd Fe=eeE |
Fhrdwfaas gd wapfoqio aegha: 11
Dwigunitha chayena ganitham mukbasangunitham nirekagacchasya
kruthisankalithena yutham chayakruthi gunithena vargayutbi:

The sum of the arithmetic series with twice the common
difference when multiplied by the first term and then increased
by the sum of the squares of natural numbers ranging from 1 to
one less the number of terms, as multiplied by the square of the
common difference, gives the sum of the squares of the terms of
the given series.

Bhaskaracharya I gives an example for this type of series in

1L i 2 =F
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Bhaskarabhashyam (111.1)

T L T aqfonfyEaa: |
a9 vemmRar & owirem: o
ekavidyaanaam vaachyam padastharaasthaa bi vargaakhyaa:

There are (three pyramidal) piles on square bases having 7,

| 8 and 17 layers which are also squares. Say the number of units
I there in.

There are three pyramids. In the topmost layer there is
one brick, in the next layer there are four bricks (29, in the third
layer 9, (3%) bricks and so on. Hence the number of bricks used
in the three piles separetely are 140, 204 and 1785, respectively.
The solution for this problem is possible from the equation given
in Aryabhateeya (2-22) described above,

Problem of a series of the type: 13 + 29 4+ 34 + n’.

The square of the sum of the series of natural numbers

gives the sum of the series of cubes of natural numbers (Ghana
chiti ghana) i.e. Sumof 1’ + 24+ 3%+ ...... +n’ series = (%2 n(n+1))?
= (142434+.....+n)?

Bhaskaracharya I gives the problem in which the above
formula is applied (111.2)

TATANETG: Yenagiasy faftdyar: | |
THFEEATeT: SHNES: w0 |
Chathur thaya: panchachathurnavastharaa ving

irdesyaa;
ekaavaghatithaasthaa: samachathura sreshtakaa: kramasa:

There are three pyramidal piles having 5, 4 and 9 cuboidal
layers. They are cuboidal bricks (of unit dimension) with one

brick in the topmost layer. Find the number of bricks used jn
them.
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Thmml’hﬁchunmpmdllin‘u:ﬂ?ﬂ'hﬁr?m_&g |

third layer and so on. The number of bricks in the three piles
are 225, 100 and 2025, respectively. The Equation for solving |
the problem is given above. , for three piles are respectively 5, |
4and 9. This rule is also given in the Patiganita (rule 103) forLn, 1
|

One half of what is obtained by adding the number of
terms to the square of the number of terms, when multiplied by
itself, gives the sum of the cubes of natural numbers. (from 1
upto given number of terms) i.e £ n’ = ((n?+ n)%)?

This rule is the same as that given by Aryabhatta and can
be used to solve the problems like that given in Patiganita (117)

wwiftaRAl TRt o feag wafy o
Y A WEYE T Sefom SRR 1
aasu dasaanaam prakathaya thathaiva sankalitha sankalitham
Friend, quickly say what is the sum of cubes of 10 terms of

a series whose 1st term and common difference are each unity.
And sum of the successive sums of those terms.

Formula for finding out the value for the series of
In+ZIn’+In’isgiven in Patiganita (rule 102 and 104)

| efrdewest dow g(z)Ted vy |
The number of terms plus one, as multiplied by twice the

number of terms plus one, bei ioli
number of termlp ores being (urther) L

In+n'+o'.. = % (2n+ 1) (n+l]n.Themh¢rrulciﬁsﬂlm
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FwTrrnfere e wafr |
SR SehRed e 1
Saikapadavargathaaditbapadam dvikopedagunam bbavathi
The number of terms as multiplied by the square of (the
sum of) the number of terms + 1, when (further) multiplied by
the number of terms plus 2 and divided by 4, gives (i) the sum of
successive sums of natural numbers (from 1 upto the given

numbers of terms) (if) the sum of squares of those natural numbers

and (iii) the sum of the cubes of those natural numbers. i.e n(n+1)?
(n+2) divided by 4.

Patiganita also gives another example as follows (118)

whiemgireml dwframraamt 4 w93

WU W A Tofgen o fremta o
Sankalithakruthighanaanaam sankalithassmaasamaanaam me kathaya

Mmmu&hmmﬂmﬁnm

Frinind, if you know, then say after calculation (i) the sum
dmmwmnfﬁmnrﬂnumhenfd}themoithquﬁ
of the first 6 narural numbers and (iii) the sum of the cubes of
ﬁmﬁmmralnumben.{thmcanbcﬂlculaudbyabwcrulﬁ).

In Patiganita the sum of another series of the cubes of
numbers is given (rule 107)

Sivee o g (wa) fd aern |
Tareay FRefrefeads a1 1
Sreddeephalasya varge prachayabathe (chaya) vibeena
mukbaphalavadbam nidadbyaadishtaadichayena ghanayoga:

. To the square of the sum of the given arithmetic series, as
multiplied by the common difference, and the product of the
first and the sum of the series, as multiplied by the first term
minus the common difference, the result is the sum of cubes of
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the terms of the series with given terms and common difference
In a series 4+ (a+d)+(a+2d)+....(a+ (a-1)d)’,
The sum = s*xd + axs x (a-d). Where s = a + (n-1)d
A problem on the application of this rule (Patiganita 121) |
qoafefEFge Wl 4 AR O |
aqu TR Torden T 1

Panchaadidvika vriddheenaam padaanaam ye kramaath ghanaa;
chathurnaam thathsamaasena ganayithva nigadyathaam

Say result of adding together the cubes of the four terms
which begin with 5 and increase successively by 2.

Various types of rules / equations for calculating the sums,
number of terms, common difference etc. in mathematical series,
are given in many ancient books.

If the discoveries of those equations are traced in the
modern mathematics, it would remain as an incomplete task
because nothing much is known on the history of this topic.
Almost all these equations/ formula in the theoretical and applied
field, were known to Indian mathematicians. It is important to
remember that many more such rules and applied mathematical
problems are available in the books mentioned above. The above
set of examples and rules have been quoted to show that this
subject was of great interest to our forefathers millennia ago.

Determination of unknown value from sums, products, etc.,

Determination of specific values from sums/ products/
ratios/differences of two or more numbers s common, Simple

and well defined procedures were known to ancient Indians for
finding the solutions. Neelakanta Somayaji in Tantra samgraham
(1500 AD) has given rules unde

r the subtitle, Dasa prasnotharam
(Answers for ten questions). He says: °

116

Scanned with CamScanner



TearEm Tt HThﬂTIEIﬁTIL !
T oW Y TR a1
Raasyorayogobbighatbo vargayogasthadantharam
eshudvaabbayaam dasavidham raasyoraanayanam bbaveth

For finding out the unknown values in a problem, when
the sum, difference, square and their differences, etc., are given,
there are ten different methods. In Bhaskaracharya II's Lilavati
(page 86) an example of this problem is given.

LRIEIN G ﬂﬁ, Teranr: goafgnfa: |
et wx W oaew AW g A o
Yayoryogasatbam saikam, viyoga: panchavimsathi:
thairasee vada me vatsa retsi sankaramanam yadi

" When two numbers are added, it gives 101, and subtracted
the result 1s 25. Tell me I.'.Iﬁ}f what are the numbers?

If the numbers are say, x and y. Then, x+y = 101 and x-y
= 25. When these two are added, value for 2x will be obtained.
Half of that will be, one of the unknown numbers (x), which is
38 and the other (y) can be determined by substituting the value
for x. This rule is stated in different way in Vedaganitham .

i AvEa e gee |
Vargaantharaath yogabbaktho bhedasthenaapi poorvavath

Half of the sum of the sum and difference will give one
value and half of the difference of sum and difference of the values
will give the other

Leif the sum is A and the differenceis B, then % (A+B)
gives x and Y% (A - B) gives y where x and y are two unknown
numbers. Similar problem when difference and product of two
numbers are known, is given by Bhaskaracharya I'in his Bhashya
for Aryabhateeya (113.1)
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it FrFd dar AR |

WE:;} ‘T‘l'ﬂ'l" t H’qh’hﬂ I
uyaktharm thathraantharam M"Hﬁljl
wwdﬁiyﬂgﬂ wﬁwmww

numbers is correctly seen to be 8 thej;

frwo
The product of tw her numbers the product being 13 4,4

difference is 2. For two ot

difference s 7. Tell, the numbers multiplied in the two cases e
21l the four numbers)
By assuming the numbers, as X, ¥ --.... €tc., and following

rocedure, answer will be obtained. Product of num -
i:l:slum and sum of the squares can be determined according tq
the method given by Aryabhatta (Aryabhateeya 2-23)

mﬁ!ﬂf{ﬁiﬂﬂaﬁHMI

e vaEdY faag TR 1 .
Samparkasya bi vargaath visodbayedeva vargasampa
yatthasya bhavathyardham vidyaad gunakaarasamvargam

From the square of the sum of two factors, subtract the
sum of squares. One half of that should be known as the product
of the two factors.

If 2 and b are two factors, then 2 x b= (a+b)*(a’+b?)

Mishra and Singh *, say that the credit of finding a solution
for the first degree indeterminate equation, by a method called
Kutta (literally means pulverizer) by breaking into smaller
fragments by means of continued division, goes to Aryabhattal
The method resembles the continuous fraction process developed
by Euler in 1764. More than 1250 years before Euler,
Aryabhatta I could find out a solution for the indeterminate
equations. Higher levels of applications have been achieved by
many commentators of Aryabhateeya later. Hardikar®, has also

proved that the solutions of indeterminate and first order
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equation were discovered by Indians, millennia ago.

A numtf-er of applied problems are given on this subject in
many Sanskrit books. A few examples are given below from
Sreedharacharya's Patiganita (73, 74) -

UG YIS Gt 9 fgweaer 1)
Mudgaanaam kudavaa: saptha lablyantbe navabbi: pane:
panena kudavasyaardham thandulaanaamavaapyathe
thatha: panathrayam saardbam grubeethvaa fasu vaningmama
thandulaanaam prayacchaamsa mudgaanaam cha dvisangunam

7 kudavas (unit of measurement) of mudga are obtained
for 9 panas and % kudava of rice is obtained for one pana. Then
O! merchant take 3% panas and quickly give me one part of rice
and two parts of mudga.

Finding out the quantity per unit pana is to be followed
for the answer. The quantity of mudga is (49/32) and rice (49/64).

Bhaskaracharya IT has given a problem of the simple order
intermediate equation for finding out the unknown number from
a final value when the initial number has undergone a 'series of

processsing’ in Lilavati (77-2)
ST TI TS feoraTe . g 4 g =l |
RS YT YU TRameae e 7 11
Amalakamalaasasesthrayamsa panchaashashtai
sthrinayanahari soorya yena thuryena ‘"'*"‘“’?”f”?
gurupada mathashatbhi: poojitham seshapanchat:
sabalakalasankhyaam kshipramaakhyaahi thasya
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Y

One third of the total lotus flowers were offered fo,

performing pooja to Sankara, 1/5 to Vishnu, 1/6 to Surya, 1/4 |
to Devi and remaining 5 to Guru. What was the total number of

lotus flowers?
Solution for this problem can be obtained by assuming

that the number of total lotus is x and taking the sum of al|
fractions. Le 1/3 x +1/5x+ 1/6x+1/4x+5=x. From this the

value of x can be calculated. Another type of similar problem
for determining a number is given by Bhaskaracharya I in
Aryabhateeyabhashya (124.1)

ol wud geafeveray Bramfed yE: |
T gafaeray sy ® R vEd | o1l
Duigunam roopnmﬁhm panchavibbaktham r.&mbm:dmﬁ:m bhooya:
A number is multiplied by 2, increased by 1, divided by 5,
multplied by 3, then diminished by 2 and divided by 7, the
result is 1. Say what is the number?

Answer can be derived by tracing back method, stepwise
assuming the unknown number as x. Yet another example given

in Bhaskarabhashya (133.1):
YsafRE ® § W g F@wre |
safyred g ofrfarogai 9a w1 d@m o
Panchabhirekam roopam dve roope chaiva sapthabbaagena
avasisiryathe thu raasiviganyathaam thathra kaa sankhyaa

A number leaves 1 as the remainder when divided by 5
and, 2 when divided by 7. Calculate the number.

Using intermediate equation method, solution for this
problem could also be found out.

The method of equating two parameters of which one is
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e i X I'ya [ has equatmi PWiar porsons who
are equally rich, having two jrems in different quantities and
told to tlind our the price

{Hr}'abhatzeyabhashyam I, 127 and 128)

of the unknown item.

EEIREES m T fow = T E 74 1
Kunkumapalaani fiwsbmfmy dbanasya roopakaa bhaz.athi
dvaadasapalaani wid)laawnymya dhanasya roopakaasthrimsath
theibyaardbena d kreetham kunksenam dvaabbyaam kiyath palaardbena
icchaanithathra boddbum moolyam vittham cha thulyameva thayo:

A certain person has 8 palas of safforn and mones
amounting to 90 rupakas, another person possesses 12 palas of
saffron and 30 rupakas (and two are equally rich). If two persons
have bought the saffron at the same rate per pala, I want to know
the price of one pala of saffron and also equal wealth possesed by
the two, (equivalent in rupakas)

This problem has to be solved using 4 simple vquation
8x+90=12x + 30: from this x (price of saffron) can be obtained
and substituting the value for x, total wealth can be determined.

In yet another problem given in Bhaskarabhashya (128.4)
this question is asked.

9 TR HH(F) [OFEREET (F) e
ERIEMIC PR e B R o o T
N gk aptha v roopakasamaasthrayaanaan: (th) gl tkaanaam

rdyadaseaaie. v voopakaanaam thackaa kim gulikaa moolywan

1 gubikaand 7 rupaka are equal to 3 gulika and 13 rupaha.
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what is the price of one gulika? (the answer can be determined
through the same method followed above)

In Patiganita (52. ii) an important problem on the quality
of metallic alloy is given, in respect to the cuiuur c::f product.
From this the composition should be found out. It is like finding

out the average of many averages.
T EHFAR Ag: |
Hemagunavarnayoge hemaikyabruthe bhaved varna:

The sum of the products of weight and varna of severa]
pieces of gold being divided by the sum of the weight of the
pteces of gold, gives the varna of alloy

Le n pieces of gold of weight wa, wb, w¢, wd, .....wn and
varnas va, vb, vc, vd.... vn, then varna of the alloy v = (wa va
+wb vb+we ve+...wn vn)/ (wa+wb+wc+....wn)

A problem of significance is given in Lilavati by
Bhaskaracharya II (p.129.ex.13-1)

ﬁﬁﬁnﬁqﬁmﬁqﬁaﬂﬁzﬁ{wﬁﬁ%wﬁa
qFA: | A 9 R wd fauears
A IEAEAT T T |

Ye nirjaraa dinadinaardba thrutheeya shashtai:

sampoorayanthi pruthak pruthakeva mukthaa:
vaapeem yadaa yugapadeva sakhe vimukbthaasthe
kenavaasaralavena thadaa vadaasu

By opening 4 inlets separately, one pond gets filled
respectively within 1, %, 1/3, and 1/6 days. If all the four inlets

are opened together, how much time (in fraction of the day) 1s
required to fill the pond.

Equations of the higher order:

Higher order e

quations, includine quadrat; : _
handled b},- Indian 84 ratic equations were

mathematicians. Solution for arriving at the
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" . L W
answer of quadratic equation is given in "Vedaganitam" (Page

35 : 16 51}.
TEUETATEA: w1 ygpd TR | |
sEFa A uht W qe 1
Chathuraahatha vargasamai: roopai pakshadvayam gunayeth
avyaktha varga roopairyukthow pakshow thatho moolam
Add on both sides of an equation, 4 times the unknown
value. Again add on both sides the square of the unknown value
and take the square root. (This summarised procedure can be
mathematically presented as follows:)

ax’ + bx = ¢ Multiply both sides with 4a
4a’x* + 4 abx = 4ac  Add b?

4a’x7 + 4abx + b* = 4ac +b?

(2ax + b =4ac + b* le2ax + b = V({4ac + b))
from the above, x can be calculated, says the rule.

Sreedharacharya and Bhaskaracharya I have discussed many
examples on the application of the quadratic equations. One each
from these two authors are given. (Patiganita example 100)

ARAANTT: SeEEataT: 9 gt |
™ 9 fowefy g goaer feot wst o
Vaanarakulathribbaga: suathryamsa samanvitha: sava prayayow
moolam cha pipaasathi dvow choothathale sthithow seshow

One third of a troop of monkey with one third of itself
has gone to the tank; the square root of the whole troop is afflicted
with thirst, and the remaining 2 monkeys are sitting under the
mango tree. What is the total number of monkeys?

The problem can be written as follows:

1/3a + 1/9a+Va+2=a,

This equation is quadratic in nature and the solutions can
be found out as explained before using the standard method.
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Bhaskaracharya's Lilavati (page 95 example 1) gives g,
following exercises
1 et b et M L B (RS E IS RC R LR vt
Fda Ffewce weEIgE Y S 9% AUCHATEOR ||
Bale maralakula mooladalaani saptha theere vilaasabharq

manthara gaanyapasyam kurvancha keleekalaham
kalabamsayugmam sesham jale vada maraalakula pramaanam

I saw that one half of 7 times of the square root of the tog]
number of swans were slowly moving away in the river,
Remaining 2 are Fiayi?ﬁ in water. What is the number of torg]
swans? (equation: 7/2 Va+2=a)

Mahaveeracharya (815 AD) in his Ganita sarasangraha (4.
41) has also given an interesting example, the translated version
of which is given below.

" Among the total elephants, 1/3rd of them and three times
the square root of the remaining are in the valley. One male
with three female elephants is in the river. Find out the total
number of elephants”. (Equation : 1/3a + INa+1+3=a)

All these authors have given in detail the rules and methods
through which it should be worked out. It is noteworthy here
that the commentators of the original works have gone deep
into various aspects of the equations and have expanded the
theoretical and practical scope, by incorporating and updating
the knowledge.

The credit of discovering binomial theorems and their
application should go to Indians. The theorem in its modern
and simplest form can be written as (a+b)" = a"+...+b" Lenis
positive integer. This form of writing the equation was done by
an Indian scholar, Halayudha of 10th century AD?'. Higher level
binomial equation was arrived at by him based on the principles
of syllables, given in Chanda sutra of Pingalacharya (200 BC).
He used the examples to show not only the theoretical capability
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of the ancient mathematicians but also the correct method of its
application in distinguishing the sound intensity. Derivation was

arrived at by him as follows: If a three syllablic Madhya Chanda
based on guru and lakhu sounds were followed, then variation

of guru and lakhu sound will be o the following pattern: 3 guru
sound occur once, 2 guru and 1 lakhu occur thrice, 1 guru and
2 lakhu sounds occur thrice, 3 lakhu occur once. The equation
can be derived easily. If guru is g and lakhu js 1 then,

(B+1) = g*+3g1 +3g12+ I, This equation is the same as
(x+y)*. Similarly for finding the pratishta Chanda, in the Chanda
sastra of Pingalacharya, the following equation can be indirectly
applied in this form: (g+1)* which is expanded as
g'+4g'1+4g"1"+4g1"+1* Le 4 guru sound occur once, 3 guru
and 1 lakhu occur four times, 2 guru and 2 lakhu occur four

umes, 1 guru and 3 lakhu occur four times and 4 lakhu occur
once.

More information was also known on the higher levels of
equarions, as stated by Madhavacharyain Kriyakramakari. Here,
Madhavacharya quoted another famous mathematician
Chitrabhanu who has given the following equations *,

@-b-(a-b)’) /3@-b) = ab

@-b-@-bP/3ab=a-b

2@-b) + (@a-b) /3 (a2 + b*)=a-b

Summing up the descriptions on these mathematical
equations and rules one can understand that the algebra of even
higher order were used in India centuries before the present state
of development in the subject. The credit of discovery of the
quadratic equation and all other binomial equations have been
given to the Europeans Apianus (1527 AD), Stifel (1544 AD),
Acheubel (1545 AD), Tartagalia (1556 AD) and Bombelli (1572
AD)*. But is was the Indian scholars who gave the foundations
for the binomial theorems with theoretical and applied back
ground and common applications.
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Geometrical Studies

A well defined chronlogical pattern can be seen in the
development of Geometry in India. Mohanjo daro, Harapp,,
Lothal and dozens of other archeologically important sites (and
some more are being excavated) have shown that the
constructions have definite geometrical patterns®. They are
triangular, quadrilateral, circular or imposed structures and all
of them were constructed h}f fﬂlIDWing refined gEGmEtricgi
applications. Some of these structures have a mathematical

history, of not less than 5000 to 6000 years.

However, from the available literature in Sanskrit, the Sulba
sutras stand first. These books deal with the ritual in the Sroutha
sutra and at the end of the Sroutha sutra comes the Sulba sutras.
But the Sulba sutras have a definite Sanskrit style and
compositional structure of the Vedic Sanskrit language. The
prominent among the Sulba sutrasare Bhoudhayana, Apastamba,
Katyana and Manava Sulba sutras. Even though the periods of

these books are generally fixed at the beginning of first millennia
BC, some historians estimate the age to be in 2 and /or even 3rd

millennia BC¥. Even if we fix the period to 1000 BC. It is far
older than the defined period of Greek mathematicians, which
falls between 500 - 200 BC %. The selected quotations from Sulba
sutras can give the modern geometrical concepts developed in

ancient India.

Bhoudhayana Sulbasutra : This is chronologically estimated to
be the first among 4ll the Sulbasutras. It may be around 1000BC

and this Sulbasutras got the present form.

Quotations, without detailed explanations are given below, as
they are self-explanatory, geometrical informations.

STATEET vadd TeddredEarad |
TEEEEY gRHTsHeEmy |
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Vyaayaarmamaathree bbavatheethi gaarhapathyachither viinayathe
" chathurasrethyekaashaam parimandaleethryekeshaam
According to tradition the Garhapatyaygi fire altar has the

measure of Arcd one vyayama, It 1s a square according to one
iadition and a cirele by another (1.6 1-63). This is an example to
show the emergence of the geometrical background in Sulba sutras.

Wt SRR | Prowgachithim chinvithethi

For prouga chiti a fire altarin the form of isosceeles triangle
ista be constructed (II1. 161): shows how theorems and equations
related to triangles emerged in the ritual books.

o urM faf=efa Ubbayatha: prougam chinvithethi

Ubhaya prouga chiti, a rhombus with two isoceeles
triangles 1s to be constructed (I11. 172) (relation between the
rhombus and isosceles triangles are dealt with)

AT FRIIRITRagyad: W Fe ...
Yiwanagnu: saaratmi paadesaashta vadubbayatha: provgam knethua...
(For yavanaagni a rhombus equal in area to two aratnis

and one pradesa (1% purusha in area) is laid (I11. 173) (method to
generate a geometrical figure from its area).

Different types of bricks are described as follows. Bricks
with one side equal to one fifth of purusha (Purusha is a
measurement equal to the height of the yajamana). Quarter bricks
bounded four sides % pradesa (6 angulas: average diameter of the
finger is one angula), 1% pradesa (18 angulas), 1 pradesa and V2
pradesa. Adhyardha bricks bounded four sides % vyayama (48

angulas) 1 aratni (24 angulas) and V2 aratni. These make 6 types
of bricks (12.7)

This example gives a lot of information on the use of square
oot relation among various measurements, manufacture of
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bricks, having different shapes and sizes, etc. and also the approach
to arrive at various structures by including many parameters, g
a branch of ganita,

TraeReETey freatd uft w3fT
Samachathurasrasyakshnayaa rajju dvishtavathim bboomim karoth;

The diagonal of a square produces double tl_:m area of the
square (1.45) a rule to be followed in the construction of chiti, J;
is 2 geometrical theorem.

Deerghachatburasrasyakshnayaarajju: paarsvamaani
thiryanmaani cha yatpruthakbhootbe kuruthastbadubbayam karoti

Areas produced separately by the length and breadth of
rectangle together equal to the area of the (square) produced by

the diagonal (1.48) (gives the directions, to make the geometrical
figures under specified rules:)

GLS U CE G R A M E e (BT | PR B i o
B E R GIERIRE R PR AN E e | E o
QRIS ARl SRrTgTeey: ||
thaasaam trika chathushkayordvaadasikapanchikayo:
panchadasikaashti kayo: saaptikachathurimsathikayo:
dvaadasika panchathrimsathikayo: panchadasikashad-
thrimsikayo: ithyethaasoopalabdbi:
This is observed in rectangles having sides 3 and 4 (=5), 12

and 5 (=13), 15 and 8 (=17), 7 and 24 (=25), 12 and 35 (=37)and
15 and 36 (=39) (L49).

HErf.', with :examples Pythagorus theorem (Bhoudhayana
theorem) is explained as: when two squares are constructed on

the length and breadth of a rectangle, the square obtained from
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the diagonal of tht: rﬂcti}ngle will have sides withour fractions- as
whole numbers given in parenthesis-for the rectangles having
above set of lengths and breadths.

Apastamba Sulbasutra:

This appears to be of later origin than Bhoudhayana
Sulbasutra, according to some historians. More descri ptions and
significant information on the structure of altars and geometrical
figures are given in Apastamba Sulba sutra. Some methods and
geometrical structures given in the Boudhayana sutras are also
repeated here with minor variation in language style. A few

important and relevant quotations are given belc v. Some of them
are improvements and addenda to earljer writings.

For different agni (yajna ritual) altars with varying areas
are to be constructed. (8.3)

THiay: wyn /iy ﬁ?ﬁmﬁ@?ﬁﬂ
T TaNaTeRE AT ||

Ekavidha: prathamognirdvividha: dvitheeyarthrividba
sthrutheeya: tha evamevadyantiryai sathavidyaath
The first agni 15 one fold (1%sq. purusha) in area, the second
2 fold (24 sq. purusha) and third 3 fold (3'4sq. purusha) and so
on. In this way one has to go upto hundred and one fold agni
(with the sacrifical altar having area 101% sq. purusha) - (Even
for the same type of yajna, when repeated year after year by
same yajamana, the size of the altars is to be increased. This
increase in size has a mathemarical relation. Hence this also
emphasises application of geometry at various instances)

ARy fafiefla sfa faemm

Purushamaathrena vimimeethe ithi viinayathe

According to tradition all the measurements are to be made
with purusha unit i.e to be measured with bamboo (8.7).
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This shows that there was a definite mecaljlmlsm for the
standrad of measurements and the measuring scale.

Qe v ST S R
e

Paadamaathryo bhavanth Mm:bﬂimrﬁtyo bhavanthyoo
ruasthimaathryo bbavantheeth vijnayathe

Other measurement units to find out the area are pada,
(11.2) They are related as follows.

aratni,urvasti, anuka, etc.

it geamvERet qardred 1| |

Chathurbbaageeyamanookam panchabbaagéeyaaratnee
thathorvasthee

Anuka is 1/4 of a purusha, aratni is 1/5 of a purusha, and

s0 is urvasti which is 1/6 of purusha.(11.3) (It gives a clear picture
of the relationship between the different units of measurements).

Using the areas, diagonals, or one of the side, the
geometrical structures were constructed. When area of the circle
is given, it has to be constructed after finding out the diameter,
Hence the method of finding out the diameter was expected to
be known. The same is the case for all other structures.
Constructing square from its diagonal, rhombus from diagonal,
square inscribed circle and so on... Rules are clearly given for
this purpose. Similarly from the mesurements of the altars and
the number of bricks required to construct the same, bricks are
to be designed anthmade based on the geometrical knowledge.
No broken or smaller bricks can be used for final adjustment in
construction purposes. Hence the brickmaker is expected to have
a perfected geometrical back ground of high standard, so that
the person involved in the construction of altars can extrapolate
and intrapolate the measurements of bricks and their sizes. Some
examples on this line are also given below.
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A ARt o wfmves

TN ARHTERS, sTaReEe, TR |
Yaavaanagnt: saarathnee pradesaashtasathim bhooontim parimandalam
krutbvaa thasmimschathy rasyam avadadbyaavath sambhaveth

A circle of area equal to that of the fire altar with 2 aratnis
and one paradesa is made and the largest possible square is

inscribed in it (12.10) (The knowledge on the construction of a
circle, after calculating the diameter from the area is the first
step. Then a square, suitably fixing in the circle, is to be inscribed

after calculations). Here measurements of the structures are not
crude or simple. It is complex t0o and an approximation will
not work.

ERY WeRYRY gy TE IS
RV AR gomey ae=sq ||
Duipurusham paschaadardbapurusham purasthaachhathur

bhagona: purusha: aayamo fibtadasa karanyow paarsvayoshta:
panchadasa parigrubnaathi thatpuccham

(An area bounded by length of ) 2 purushas on the western
side, 14 purusha on eastern side, V18 on each of other two sides

and having height 3/4 purusha can accommodate 15 bricks (19.1).

Fence size of the bricks has to be calculated from the given
data of the number of bricks permitted in building this altar.

wreviy, =g g s [ERECCRE RO
o wfaymnify )
Shodaseem chathurbhi: pa rigrithneeyaath ashtanicna

th riblirashtamaischathurthena chatburtha saviseshenethi

The bricks to be made by four sides having the
Mmeasurements. 1/8, 3/8, 1/4 and ¥2/4 purusha (19.2)

This obviously stands out as an exam ple on the complicated
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bricks making with the background of geometry. Sutra (1.5) says:

AT EeEt i wufd gee fgmd
Chathurasra syakshnayaarajjurdvishtavathim
bhoomim karothi samasya dvikarani

The diagonal of the square produces double the area (of
the square) and it is V2 of the side of the square.

It is important to note here that the method for the
determination of V2 is given in Boudhayana sulba sutra, for the
first time in mathematics (I.61, 62) This is also explained under
Katyayana sulbasutra.

o g gy SqdaraegeRT wiEeE: )
Pramaana thrutheeyena vardhayethaccha
chathurthenaathsachathusthrimsonena savisesha:

Increase the measurement (side of a square) by third and
this third by it's own fourth less the thirty fourth part of that
fourth. This is the value with special quantity in excess for V2.

Apastamba sutra (5.3 to 5.6) lines give measurements of
sides of rectangles which can give diagonal measurementsin whole
numbers, This is an example of applied knowledge.

faeraqepal: foaserg o grRiTRIfsTHa: TaRRT
SIS | YsuRIVIRIe®al: WWaReuaed: ||
Thrika chatbushkayo: panchikakshnayaa rajju:
dvaadastka panchikayo: thrayo datika kshnayaarajju:
panchadasikaashtikayo: sapthadasikakshnayaarajju:
The diagonals of rectangle with sides 3 and 4is 5, 12 and 5
is 13, 15 and 815 17.

Transforming one figure into another is frequently
discussed in the book.
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ST S faide e ey
FA TGN AaRE T AT, ||
Mandalam chathurasram chikeershan vishkambbam

panchadasa bhaagaan kruthvaa dvaavuddbareth
thrayodasaavasishyanthe saanithyaachathurasram

To transform a circle into a square, diameter is divided

into 15 parts, 2 of Ehl’:m are removed, leaving 13 parts. This gives
the approximate side of the square (3.3)

This however cannot give a good result. In Manava Sulba

sutra better approximations are given for this calculation, which
is referred elsewhere also.

The following important rules are also given in Apastamba
Sulbasutra: Rule 3.2 is for transforming a square into a circle, 3.1

is for transforming a square into reactangle, 12.1 which has been
stated earlier is inscribing a square in a circle of known area.
Similarly inscribing different figures in other geometrical figures
is given for the construction of required/suggested-types of altars.

Katyayana sulba sutra: This book gives a variety of
structures for altars: Katyayana Sulba sutra (4-1) says:

AR SRR rTagTa: W SR ST
Dronachidrathachakrachithkankachith prougachidubhayatha;
prowga: samoolyaapureeshaa ithyagnaya:

The altar is of the shape of a trough, chariot wheel, falcon,
triangle, rhombus and a kind of pot in the shape of wheel.

In all these structures the size, sides, shape of the bricks
and their numbers are specilied. Hence the construction
procedure have to be based on the geometrical information.
Methods of finding the square roots are also given. Stanza 2.9
describes the method for finding the diagonal of a square.
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I l
w0 qerA At S ORI G kIR f
H ﬁ?ﬁ Eﬁf fél?:l'q: I
Karaneem thrutheeyena varddhayethachha

 renmena sd visesha 1thi visesha:
svachatheerthenaa thmachathu sthrimso |

the side is to be increased by one third of

f
The measure o 34th part ( of thar of

its value, again its own one fourth, less the

fourth). o
This is the diagonal of a square, whose side is the measure

and this is approximare, which is also explained in other suth ras. .
Le if the side is a the diagonal a+a/3+ (1/3x4) - 1/3x4x34. This |

can give a fine approximation for the value of V22 =
1.4142156a..... The value for V2 = 1.414212. The modern and

ancient values are almost the same. This value_and method are
reproduced here from Bhoudhayana Sulbam. Thibaut* says about
this in his observation ".... thus it is clear that the ancient Hindus

have attained remarkable degree of accuracy in calculation of
the approximate value for ¥/2"

A detailed description on the construction of yajnasala
(ritual hall) is given in the Manava sulbasutra (3.1-3.3). Infact
this description gives the beauty and rule of the geometrical
contents in the sulba sutra.

SR, T FAlA e FAEH | ARy S
T, WP EE: | FA®Y { eI foureaen: weviem |
FEies gaaAmeTREy | ey qeEdfier
VIHICRF| IR TS TS T |
Pragvamsam das.kam kuryaathpathneesaalaam chathu: sayam ,
praaguam sathrushu vedyantho vedyanthaath prakrame sada:
navakam thi shaddo vidyaachhathvara: shodasontharam
chathrvaaristhrika bavirdbanaamardbadasaashtaadantbaram
paadam yoopavathemithuaa seshamowttharavedibam
agmecdram shadaarathnyeva shadthrivimsathprakramaa rajju:
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The sacrifical hut pragvamsa occupies (on the ground a
square area of) side 10 aratni, the hut for the wife (patnee sala) (a
square) of 4 aratnis, end of the (maha) vedi is at a distance of 3
prakram from the pragvamsa, and the hall sadasis one prakrama
away from the western end of the mahavedi. The (praci) sadas is
9 prakramas. The havirdana (a square) of 12 prakramas is 4
prakramas from the sadas and 10% prakrama from the yupavata.
One pada is allowed for the yupavata and the remaining belongs
to the uttaravedi. The agnidra hut (a square) of 6 aratnis, the
chord measures 36 prakramas.......

Manava Sulba sutras: Almost all the mathematical descriptions
given in above three can be seen in this Sulbasutra also. It is very
important to note that many fundamental knowledge which are
not described in other Sulbasutras have found their place in
Manava sulbasutra. An example is the method for finding the
volume of a structure given in the line 10.9 I

aran =gy M fowreg qugys
WY TRy SwETEr 51 1)

Aayama baabum nikshipya visthaarasthu thathaapruthak
soadfryardbam gunayedraasim sasarvagunitho ghana:
Multiply the length with the breadth separately and that

again by the height. This always gives the result in cubic measure.

This appears to be the first ever seen in a literature for
finding out the volume of a structure. These lines are written
centuries before Archimedes, who found out the volume of an
object by dipping it in a water tank. A few more quotation from
the Manava sulba sutra on the circular structure are given, (11.13)

fosrey: gyeavree fasrrafeErees 4:
W Ausw qREd A et 1|
Vishkambha: panchabhaagascha vishkambbastbrigunascha
ya: saa mandala pari kshepo na vaalamathirichyathe
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The fifth part of the diameter added to three times th.
diameter gives the circumference of the circle. Not a hair is |ef

over.

For circle 3.14 x diameter is the circumference. As per
Manva sulbasutra it is 3.2 x diameter, which 1s perhaps the firg
approximation for [] . The descriptions given in Apastamba sulbs
sutra (3.3-given earlier) to convert a circle into a square was only
an approximation. More refined rule is given here (11.14)

v foma fasen Framme:
T Ty WS asuuia: || |
Dasadbaa chindya vishkambbam thribbaagaanuddbarethbatha;
thena yachhatburasram syaanmandale thadapaprathi:
Divide the diameter of a circle into ten parts and leave out
three parts. The square drawn with this (as side) and placed within
the circle just projects.
The measurements of the bricks given in rule 14.21 can

throw light, not only on the geometrical accuracy followed in
brick manufacturing but also the ceramics techniques followed

during the period.

Tt Fvget fregeds s Tmm
SEILEU: ToTHIOM: F ITI:
Chatlrvaari karaanyanyeshaam thrichathurthena kaarayeth
navabhaagaa akshnaardhakshnaa: panchakonaa: cha bhaagasa:
Four kinds of bricks were used with one third and one
fourth (of a purusha) measurement. These are one ninth of the
original (40, 40), triangular (30, 30, 30 4?, half triangular (15 V2,
30, 15 ¥2) and five cornered bricks (15 V2, 15 V2,15, 30, 15). \

From the above selected quorations, a lot more information
can be elucidated. It is obvious that the geometrical background
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was excellent, in sul basutras

WS S They acted as the strong foundation
for building up the modern

mathematics,

Even the actual proof of Pythagorous theorem was given

in Greek only En 300 BC by Euclid, says Burk . Proclus (460
BC) has made it clear that it is not an oniginal contribution of
the Greeks, as also proved by Mishra and Singh. Hence why not

the mathematician think of renaming the theorem as
Bhoudhayana theorem!

_Littlr.- more information if added to the above, the exact
practicall form of Bhoudhayana theorem ;s stated to have been
known in Brahmanas (explanation of rirual part of the Vedas-
also known as karmakanda) during 2500 BC. Satapata Brahmana,
Taitireeya Brahmana and Garga samhita also contain this
information, Seidenberg * has shown that Taitireeya sambhita
describes not only the algebraic or Computational aspects of this
theorem but also geometric or sonstructive aspects which was
not known to any others. (This is quoted from Seidenberg 1983,
the geometry of Vedic rituals, in Agani, Vol. II. Frits Staal, Asian
Humanities press, Berkeley, page 125-126). Burk has concluded
that the theorem was known to Indians with all its proofs, in the
far past Pythagorus.

Many studies have thrown light on the geometrical contents
in these Sulbasutras on which modern mathematicians could
arrive at important conclusions, thousands of years later.
Construction of a line perpendicular to other is derived from
Katyayana Sulbasutra (rule 1.4 and 1.5). Similarly construction®
of squares having areas either sum of two other squares, or
differences of areas of two squares are also given in Apastamba
sulbam 2.4, Boudhayana sulbam 2.1 and 2.2 and Katyayana
sulbam 2.13 and 3.1

Triangles : Details on the triangles are given in the Sulbasutras.
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They contain measurements of sides, hypotenuse, areas and alsg
the relations among these parameters. Inscribing other
geometrical structures in the triangle and vice versa are alsy
explained, including the methodology for doing so. Bhakshalj
manuscripts contain a lot of information on the geometrical
figures including the triangles. Bhaskarachraya I has given the |
examples of application of the rules (given by Aryabhatta I) op

the lamp and shadow calculations. Bhaskarabhashyam g |
Aryabhateeyam gives the examples with details on triangles (923).

AMHEITRA TaTTigatuiedd: o |
TR YefFqarsaemier, e 99: 11
Yashti pradeepamooolaath panchaasadvivarasamstbitha sanky;
thasya cchayaa pangthirvaachyasthasmin kiyaandeepa:
The shadow of the gnomon situated at a distance of 5¢

angulas from the foot of the lamp post is 10 angula. Say what is
the height of the lamp.

I —————

Height of the lamp post can be found out from length of
the shadow and the length of the tip of shadow and lamp using |
Bhoudhayana theorem. Another interesting problem on the same =~

line is about the bamboo triangle, given by the author in the |
same book (99.4)

ST W FEn ¥ = |
Ashtaadasakocchrayovamso vaathena paathithomoolaath |

A bamboo of beight 18 cubits fel] by

p e : the wind, it falls at a
Stance ot 6 cubits from the root, thus formine a right triangle,
where is the break? e ‘

This problem can be worked ou as follows: The sum of
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lengths of hypotenuse and height is 18 cubit and the base of the

triangle formed is 6 cubits. From this the height (x) can be
calculated as (18-x)%-x =67,

Same problem is repeated by Pruthudaka in his
commentary on the Brahmasphuta siddhanta (XII. 41) and also
in Mahavira 1n Ganitasara sangraha (VII.191, 192)
Sreedharacharya, Bhaskaracharya I and II and many others have
given problems of this type related to bamboo pole, lamp post-
gnomon and lotus - river depth, etc. Through this problem one
can get the required exposure on the sound background of the
ancient knowledge in the geometry of triangles.

Quadrilaterals: Brahmasphuta siddhanta (XII, 28) gives the
equation for the diagonal quadrilaterals in relation with its sides:
"The sum of the products of two pairs of sides about any diagonal
divided by the sum of the products of pairs of the sides about
other diagonal and the result multiplied by the sum of prducts of
opposite sides give the square of the first diagonal”. Similarly the
second diagonal can also be calculated. First diagonal is x, (for
sides a, b) and second y (for sides ¢, d) adjacent to them,

Then, x* = (ab+cd)(ac +bd)/(ad + bc) And
e= = (ad+bc) (ac+bd)/(ab+cd)

Pariganita (110-111) gives a rule for finding out the area of

various types of natural and aritifical geometrical figures in the
following way:

mﬁmﬁﬁwm
wafersRfEETSEEsvaggE = 9 |
SATrESa f§ weas " =)

T UiheT/=e1  Tee-aagaiomd | |
Aayatha samachathurasre dvithri samabbuje vishamachatburasram
samavishamadvisamabhuja thrya sranyathavruthba chaape cha
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kshethraani dasaithaani bi phalameshaam saadhayeth suakaranefna)
ethath parikalpyaanyeshaam gajadanthanemi poorvaanaam

The rectangular quadrilateral, the equilateral quadrilatera],
equibilateral quadrilateral equitrilateral quadrilateral....., the
inequilateral quadrilateral, the equilateral triangle, the scalene
triangle, isosceles triangle, circle and the segment of the circle
are the ten primary plane figures; the area of these figures should
be determined by applying their own rules. And by conside ring
these, one should obtain the areas of other figures, such as an
elephant, a buffalo, etc.

This is the method adopted in modern mathematics too, |
L.edividing the total figure into geometrical sub figures/structures |
whose areas can be determined using standard equations. Thep
partial areas are added to get the actual area of the figure. |
Narayana, in Ganita kaumudi, has given the same 10 figures as
mentioned in Patiganita. Mahavira in Ganitasara sangraha gives
three varieties of triangles, five varieties of quadrilaterals and eight |
varieties of curvilinear figures including ellipse, conical, concave |
and convex and has given the detailed explanations. f

Aryabhatta I (Aryabhateeya 2.6) gives the rule for finding

out the area of any triangle as the product of the height and half
of the base which is the same as that known now.

PR wavit weeeEsf VST EET: |
Thribbujasya phalasareeram samadalakoti bhujaardba samvarga:

The area of a triangle is the product of the prependicular
and half the base.

Bhaskara in his bhashya for Aryabhateeya gives problems
for the calculation of areas of different types of triangles (55.1)

HATRTIYS &9 ekl WA q
AT HE TR 1)
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r—i

Suptaashta nervabbugaanaam ishethraanaam yathphalam samaanaar U
panchasravanasya sakhe shad bhoosankbyaadvithulyasya

Tell me the area of the equilateral triangle whose sides are
7.8 and 9 units respectively and also the area of isosceles triangle
whose base is 6 units and lateral sides each 5 units. The ?bl?vﬂ
problems deal with equilateral and isosceles triangles. Similar
oroblems on scalene triangles are also given by Bhaskara in his
bhashyam (56.5)

FoicERy @ deae=n W fwad |
fafeEe 98 waben w1 waeed ||
Karnasthrayodasa syaath panchadasaanyo mabee drisapthaiva
vishamasthri bbujasya sakbe phalasankhyaa kaa bhavedasya

What is the area of a scalene traingle in which one lateral
cide is 13 units, other 15 unit and the base is 14 units.

This problem is also given in Brahmasphuta siddhanta (X1I
21. i), and was solved using the equation which is followed by
the modern Mathematicians. Le. finding out the semi perimeter
of the triangle, and following the equation VS x (S-A)(S-B) (S
- C), where S is the semi perimeter i.e half of the sum of all the
three sides and A, B and C are the sides of the triangle. However
Bhaskara I even though was a contemporary to Brahmagupta,
has not adopted this equation in Bhaskarabhashya. He followed
2 different way which gives only an approximate value for the
area of scalene triangles.

Polygonals: Bhaskaracharya II has given a very interesting
information on the cyclic equilateral triangle and for Polygonals,
in Lilavati (294-45,46 and 47)

FrevreiRTfoRmTegTefT: dRfEETa |
FETYA: FAR AEET SR
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WWWWWF?WH%

RIS JRTSEEi Jamr FRET G
Thribdlyankaagninabba schandraisthri bhagnaz shtayugaashtabh;:
vedaagni baanakhaaschaicha khakhaabbraabbrarasai: kramagy)

baaneshu nakha baanai schadviduvi nandeshy sadagarai: "

kuraamadasavedaischa vruthha vyaase samaahathe
khakbakbaabhraarka sambbakthe lablyanthe kramasobbujaa:

vrutthaantha sthraya poorvaanaam navaasraantham pruthak pruthalk

For cyclic equilateral triangle, cyclic square, cyclic
equilateral pentagon,.... to cyclic equilateral nonagon, (cyclic
figures having 3 to 9 sides with equal side measurements) their
sides can be calculated respectively when diamerter is multiplied
separetely with 103923 (triangle) 84854 (quadrilateral) 70534
(pentagon), 60000 (hexagon) 52055 (septagon) 45922 (octagon)
and 41031 (nonagon) and divided by 120000, the value will be
the measurements of the sides of cyclic equilateral triangles to
cyclic equilateral nonagon. Bhaskaracharya has given the
example: If 2000 is the diameter of circle, equilateral geometrical
figures inscribed inside that circle will have sides as follows:

Geometrical figure Bhaskara's value

Modern value

Triangle 1732 + 1/20 1732.043
Square 1414 + 13/60 1414.211
Pentagon 1175 + 17/30 1175.5619
Hexagon 1000 + 00 999.996
Septagon 867 +7/12 867.5799
Octagon 765 + 11/30 765.3636
Nonagon 683 + 17/20 683.85

Obviously the leve] of accuracy can be seen. No further
discussion need be given for providing the capability of the ancient
Indians on the structural knowledge of Polygonals. This
information on the relationship between the diameter and the
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side of the cyclic figures is based on the application of the

mathematical equations; a very important contribution, made
nine centuries ago.

Rectangles: Finding out the area of the rectangles was well
known. An excercise is given by Bhaskaracharya 1 in

Bhaskarabhashya (67.1).

v A vefaffent dedwends T |
gl &l T frerermm g o1
Ashtowpancha cha pangthirvisthaare dairghyamapyameeshaam yath.
ashtirdvaadasa manavo ganitham kiyadaayathaanaam thu

Breadths of three rectangles are 8, 5 and 10 units and their

lengths are 16, 12 and 14 units respectively. What are the areas of
recrangles?

Bhaskaracharya has explained the area of rectangle as the
product of adjacent sides, while commenting the same rule given

by Aryabhatta, in his book. Aryabharta I has said that the product
of length and breadth of a rectangle s its area.

Trapezium : Determination of area of a trapezium is more
complicated than the above two classes of geometrical figures.
Aryabhatta I has given the equation for the area of trapezium.
Using this descriptions one can easily derive the modern equation.
Aryabhatta has gone through a different route, which is intersting
for a student of the subject (Aryabhateeya 2-8)

HATTIO UYd TErT B N ¥
i = dewemE 1

Aayaamagune paarsve thadyoga hruthe svapaatharekbe the
visthaara yogaardhagune jneyam kshethraphalamaayaame

Multiply the base and face of height, and divide (each
product) by the sum of the base and the face. Results are
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prependiculars on the base and face. The result obtained by
multiplying with half the sum of base and face by the height isto

be known as the area (of trapezium).

The modern equation for finding out the area of t_he
trapezium is the same. i.e %(a+b)p where a and bare the opposite
parallel sides and p the distance between them.

Bhaskaracharya gives an exercise for finding out the area
using the equation in Bhaskarabhashyam (63.1)

PYSETEAT a9 AaEa | |

HUf SaRymt §9an we 9 a8 || |
Bhoomischathurdasasyath vadanam chaivaroopaani I
karno thrayodasaagrow sampathaagram phalam cha vada

If the base of trapezium is 14 units, the face 4 units and the
lateral sides 13 units each give out the junction line and area.

Quadrilateral: In Patiganita (rule 117) a method for determining
the area of a quadrilateral is given exactly in the same way as that “
given by Brahmagupra for traingle. In fact, it is said that
Brahmagupta has given the equation for quadrilateral which can
also be applied to scalene traingles, when one side is considered
equal to 0.

Wogfdee Igu e Teureg T |

. VAT HYeTe  farsdaTat |
il chadherrihe T eddiaatipod "
mdauaamaﬂam&mmamﬂ sadrusalambe vishamaabbow

(For finding out the area of a quadrilateral), set down half
the sum of the (four sides of the quadrilateral) in four places,
diminish them (respectively) by the sides, multi ply, and take the
square root. This gives the area of a quadrilateral.

e e, =

This rule can be mathematically summarised as follows:
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VS x (S-A) ($-B) (S-C) (S-D); where A,B,C and D are sides and
5 halt of the sum of sides (semi perimeter). This equation is also |
given in Brahmasputa siddanta XI1 21(ii) and by Mahaviracharya
in Ganitasara sangraha (VII 50 (ii) and also in Siddhanta sekhara
(XIL.28). In the above equation, if one side (Say D) is 0 then the
quadrilateral becomes a triangle and the area will be VS x (S-
A)(8-B)(8-C). This equation is also given, in anot
mathematical book known as Yuktibhasha,
connected with cyclic figures.

her ancient
for the explanation

When semi perimeter obtained by taking half of the sum
of the sides of quadrilateral and the product obtained after each
side is subtracted from the semi perimeter taking the square root
of the product gives the area of triangle or quadrilateral. All the |
above equations/theorems in modern mathematics are known |
as Herons' equation/ theorem, even though they have been
mentioned by Brahmagupta, Sreedharacharya, Mahaveera and
Aryabhatra [I. Brahmagupta had a sound knowledge in the cyclic
figures too. He has given an equation for the diagonals of cyclic
quadrilateral as follows "If one of the diagonals in a qudrilateral

can be written as V(ab+cd)(ac-bd)/(ad + bc) the other diagonal is
V(ad+bc) (ac+bd)/(ab-cd)."

This 1s said to be one of the important contributions of
Brahmagupta. Moreover, these two equations are meant for cyclic
quadrilaterals, which are given with the equation for area. Hence
there is another view among mathematicians that the equation
for finding out the area of the quadrilateral given above by
Brahmagupta; VS (S-A)(S-B)(S-C) (S-D) is also for the cyclic
quadrilateral and not for the non cyelic types. If so, Brahmagupta
was correct too. The equation for the diagonals of the cyclic
quadrilaterals is claimed to be the discovery by W. Snell ¢ in
1919 AD, in Europe. Snell's claim was for an equation discovered
more than one thousand years ago, by Brahmagupta, with all
clarity of modern mathematics.

——

145

Scanned with CamScanner



Cyclic quadrilaterals: The mathematical equation for the radiu
of a circumcircle of a quadrilateral is given by Aryabhatta schoo|

as shown:

R = 1/4 (ab+cd) (ac+bd)(ad +bd) + (a+b+c-d) (b+c+d-a)
(c+d+a-b) (d+a+b-c). No mathematican has given anything
equivalent to this during that period. In the above equation the
denominator (a+b+c-d)(b+c+d-a)(c+d+ a-b)(d+a+b-c) is
written as (s-d) (s-b) (s-c) (s-a) where s is the perimeter equal 10
a+b+c+d. In this form the radius of the cyclic quadrilateral was
rediscovered by Lhuiler in 1782 AD, centuries later then Indian
discovery, put forward by the Aryabharta school of mathematics.

In the 14th century, Narayana Bhatta developed two
theorems connected with the cyclic quadrilaterals, which were
not recorded earlier by any other foreign scientist. They are:
1. Three and only three diagonals are possible for four sides of
cyclic quadrilaterals. 2, The area of cyclic quadrilateral is the
product of these three diagonals divided by twice the circum-

diameter,

The first theorem given above is also said to be
Brahmagupta's contribution.

Different methods existed for finding out the area of
quadrilaterals. Aryabhatta II has commented on determining

different parameters of quadrilaterals without using the diagonals,
- L] g ﬂ
thus given in Mahasiddhanta (XV. 70):

FUIAEH & TR T G a5 awqm
arsBfa o Afat qd: fowmst Ao

Karnajnanena vina chathurasre lambakam phalam yaddhaa
vakthum vaancchathi ganako yoasow moorkba: pisaacho vaa

A M:irl'lemaric_ian who wished to tell the area or the alritude
of a quadrilateral without knowing a diagonal is either a fool or
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an insensible persorn.

In Brahmasphuta siddhanta (Ganitadhyaya XI1.21) the

method for the determination of the gross area of a triangle or a
quadrilateml 15 glven,

WP RS argfa argdRea: |
ST Tqeai e ge |
Sthoolaphalam rbn'cbnt.l'mrﬁbbnja baahuprathi Eﬂa&u}og;ufaiaghadiﬂ.
bbujayogaardbam chathushtayo bbujonaghaathaalpadam sookshmam

The product of half of the sums of the opposite sides is the
area of tringle or quadrilateral. Le area = % (a+¢) x % (b+d).

'WhE{\E‘E’EI a diagonal separates a quadrilateral into two
halves, as triangles, the sum of the areas of the triangles will be
the area of the quadrilateral™: says Bhaskaracharya Il in Lilavati.

Circles: Among many geometrical figures, circles and spheres
have attracted the attention of both ancient and modern
mathematicians, much more than any other figures. In circles
the relations among the radius/diameter, circumference and the
area are the three focussing points around which the studies were
conducted. A series of theorems have also been developed during
the 15th and the 16th centuries in Europe on the relations among
these three parameters of circles. A detailed study on the subject
could throw light on the ancient Indian contribution on this
subject. It is a matter of fact that many of those theorems
attributed to European marhematicians are really the
contributions of Indians.

Circles have been dealt in detail in the Sulba sutras. To an
extent of resonable accuracy, the relations among diamerter, area

and circumference have been given in these books. More
interesting is the principle adopted for inscribing other
geometrical figures in the circles. The growth of knowledge of
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ancient Indians on circles steadily increased vo grear depihy g,
resulted in formulating theorems many of which are now knowy,
in the names of Newton, Kelvin, Gregory, Euler * and othyy,
The Indian contributions on these theorems/ruless equatiog, J
took place centuries before the period ol the Western Scientin,

Sulbasutras brought in application, the methods 4,
constructing circular structures [or the ritual alvars. Arvabhyy,
(Aryabhateeya 2-13) defines drawing circles:

TR YOV W gEes WHW Y
Viuttham bhramena saadlryam <ratthakshethram bhwamena stadInyathy

Circles can be drawn by rotation-using a compass - This
rule is also given in Brahmasphuta siddanta (XXIL7) and in
Sishyadhivruddhi Tantra (2.VIIL.2) by Lallacharva.
Aryabhatta Tin Aryabhateeya (2.10) gives the relation bet ween
the diameter and circumference of a circle accu rately:

- g — ‘
AT fEsFmTEe= geefome: )

Chathuradbikam sathatmashtagunam dvaashashtisthathaa
sabasraanaam ayuthadvya vishkambasyaasannoo vruthhaparinaab:

When 100 increased by 4 multiplied by 8 and added to
62,000 gives an approximzte value for the circumference of a
circle having diameter 20,000 units.

This gives a value of 62832/20,000 for [T and it | equal to
3.1416. This is the most accurate explanation for defining the
value of | [. Actual value of [T is 3.14285,. However Aryabhatta
has approached this problem perfectly by saying that the value js
near approximation using the Sanskrit word sz, The accuracy
level, indirectly followed till the fir century BC and also in
Sulbasutras was only upto 3.2, I’ih.iil-:ar.lchar}'a [, while wiving
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his commentary to Aryabhateeya (60.1) gives a problem for
determining the circumference of a circle from its diameter. This
shows that there were methods for calculating the unknown
parameters using the known parameters of circles during the first
half of the first millennia AD.

CLHENUEC I AR C et o n 2| -

ol gAgwr gifiyee ® ggw qf® 1
Ashtadvaadasa shadkaa: vishkambhastbatbvatho mayaa drushtaa:
theshaam samavrutthaanaam parithiphalam me pruthak broobi

Diameter of 3 circles are correctly seen by me to be 8, 12
and 6 units respectively. Tell me separately the circumference
and areas of the circles.

This exercise, since written in the commentary of
Aryabhateeya, is the application of the formula of 2[Ir for
determining the circumference of a circle having radius r. In the
use of this formula, Aryabhatta's value of T has been taken as
1.1416. A reverse method is also applied by BhaskaracharyaIin
his usual style of giving the mathematical excercises, using
fractions for finding out diameter from circumference.

(Bhaskarabhashya 76.2)

FETEAITHITHEIN: TEHTEAN SEEg<e o ¥
SraEsE e 0

aamaanaamashtaabbi: sarayamaamsabeenaanaam

kbakharasavrundasya cha me vyaasaavachakshva viganasya
Calculate the diameter of a circle whose peripheries
(circumference) are 3299 minus 8/25 units and 21600 units.
methodology is application of reverse of the above formula.
Another equation given by Virasena in his commentary called
Dhavalateeka, written in 816 AD, on a mathematical work which

was written much earlier by Pushpadatta namely Sakhandagama®
says thus:
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s B W ge A TR SR geR
mmmuﬁdmmmﬁmﬁ@iﬂﬁﬂﬁmfﬂ%m
The diameter multiplied by 16 increased by 16 divided by
113 and again combined with thrice the diameter s the

circumference the more accurate than the accurate one. The aboye
Statement can be mathematically summarised as:

Circumference = 3d + (16d+16)/113

It is equivalent to [T =355/113+16/113d. The value is gor
correct (3.28328). But Hayashi, T. Kusubha, T and Yano, M.
have published the interesting information under the title- Indian
value for [ derived from Aryabhatta in the Historica Scientifica®,
The significance of this work is not perhaps in its approximate
value but in the application of round the way method, adopted,
3haskaracharya IT in Lilavati (Kshetravyavahara-rule 40) gives
relation between the circumference and the diameter, to arrive
at the formula, as given by modern mathematicians.

Vyaase bhava nandaagni hathe vibbakthe
khabhaana sooryai: paridpi: susookshma:
dvaavimsathighne vibruthe ftha sailai:
sthoolo fthavaa syaath vyavabaarayogya:

First of the above answers is an approximate value for [
3.1416 and the second is the accurate value 3.1428571.
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Charles M. Wish of the British East India Company has
yal Asiatic Saciety on some of the
ts. "The approximation to the true
value of the circumference with given diameters exhibited in these
three works of Tanthras angraha, Karanapaddhati and
Sadratnamala, are so wonderfully correct, that European
mathematicians who seek for such proportion i
fluxions or in the more tedious continual bisection of an arc,
will wonder by what means the Hindy has been able to extend
the proportion to so grear a length"?. These comments are on
the three books written in the first half of this millennia whereas
Aryabhatta I and Bhaskaracharya I have written in the middle
of the first millenniai.e 499 AD and 628 AD. These two scholars
have gi"fﬂﬂ accurate]}r the ﬁluﬂs as22/7 fur arnvmg at the modern
mathematical answer for I1. It is sure that scholars like Charles
M. Wish would have got wonder struk if they had heard about

these two mathematics/astronomy giants of the world who lived
in [ndia, 1500 years ago.

n the doctrine of

Theorems related with diameter and circumference of circles:

It is well known that the relation among the diameter,
radius, circumference and areas of circle are as follows.
Circumference is equal to 3.14... x diameter or 2 x 3.14 x radius.
Similarly the area of the circle is equal to 3.14.... x radius x radius.
There are many theorems which give the relations among these
parameters, which are important in modern mathematics. In
Tantra sangraham (11) the following method has been given for
finding out the circumference of the circle of known diameter.
From this, the accurate value of [T can be derived.

o iy fed e =m v |
fermfefass don veaqu W@ wos wAE @@ 1)
Vyaase vaaridbi nibathe roopahathe vyaasa saagaraabhi hatbe
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sthrisaraadvishama sankhya bbakthamrunam svam pruthak
kramaath kuryaath
Multiply diameter with 4 and divide by 1 (first value), |
Again diameter is to be multiplied with 4 and divided separetely
by odd numbers, 3, 5,7, 9,..... Subtract and add alternatively and
separately to the first value to get the circumference correctly.

This theorem can be mathematically presented as follows:

Circumference = 4D/1-4D/3 + 4D/5-4D/7 +...... Where
D is the diameter. Hence the value of [T =4(1-1/3+1/5-1/7+....)

Earlier than the above author, Madhavacharya in

Kriyakramakari (circle section I1.40) (1350 AD) has given the
same theorem and also adds at the end that if the addition and

subtraction with odd numbers(alternatively) are done as many
times as possible, more and more accurate value will be obtained

for the circumference of the circle. (Indirectly, more accurate
value for [] will be obtained).

Madhavacharya's non-terminating series for representing
the circumference of a circle in terms of diameter, his invention
of incommensurability of paridhisankhya has been placed on a
very respectable position, as this theory is known to
mathematicians in the name of James Gregory (1630-1675AD),
who is said to have discovered it three centuries after
Madhavacharya. A detailed explanation is given by
Mukhopadhya and Adhikari in the historical development of
the concept of [: a passage through India since 3000 BC %, This
has been published in the Indian Science Crusader Journal. Some
mathematicians have started calling this theorem, now, as
Madhava Gregory theorem. A modified form of the above

theorem is given in Karanapaddhati (6.1) by Puthumana

Somayaju,
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SR, S QU v saaaremeay |
WWWH AR, T W i qF: 11
Vyaasaacchathurghnaath babhusa: pruthaksthaath thripancha
Sapthaadyayugaabruthaani
vyaase chathurghne kramasasthvrumnam svam kuryaath thadaa
syaath paridbi: susookshma:

Four times of the diameter is 1o be divided separately by
each of the odd integers 4,5,7, Every quotient whose order
1s even, 1s taken away from gpe preceding it. The combined result
of all such small operations when subtrated from four times the

diameter, gives the circumference with progressively greater
accuracy.

1.e. Circumference = 4D4D (1/3-1/5)-4D(1/7-1/9)....
Or/4=(1-1/3+ 1/5-1/7+....))

A famous ancient anonymous commentary for this theorem
explains it with example using katapayadi number system.
Katapayadi numbers are given in parenthesis. This comment

appears in Karanapaddhathi published by the University of

Kerala.

Say 113 unit (lakutam) is the diameter of a eircle. Multiply
it with 4 to get 452 (gramavil) divide by 3 and reduce it from
gramavil to get 301 (pannagam). Repeat division of 452, by 5and
subtract from former to get 391. When repeating with 7 we get
326, continue with 9,11,13..... finally the answer will be 355
(sanmali) i.e the circle having diameter 113 (lakutam) will have a
circumfernce 355 (sanmali). Hence the value of [T = 3.1415929...
Modern value is 3.1428571

rrrrr

Another theorem given on this relation, follows a very
complex mathematical procedure. There may not be anyone to
put forth their claim in the world of mathematics, as the
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|
]
i
|

discoverer of these theorems, except Puthumana Somay,j;
himself, who is the author of Karanapaddhathi. (6.4).

aiffery a1 fgpotffediigddieta gl |
= 9 YeEH R W © o B st o

Vargairyujaam vaa dvigunairnivekair vargeekruthair varji
thayugma vargai: vyaasam cha chadghnam vibhajeth phalam
svam vyaase thrinighne paridhi sthadaasyaath

Six times the diameter is divided separetely by the square
of twice the square of even integers 2,4,6.... minus one, diminished
by the squares of even integers themselves. The sum of the
resulting quotient by thrice the diameter is the circumference,

This can be mathematically written as follows:Circumference =
3D+6D(1/2x2%1F-2) + ([1/2x4-1F-4%) +[(1/ 2x6%-1)-67]) +....

It is obvious that to derive a formula at such a level of
sophistication an unparallel capability in mathemarics is required.
Perhaps that may be the reason behind the remark made by
Charles M. Wish on the authors of the three books including
Karanapaddhathi (given earlier)

* .ﬁ.n:_}:hﬂ theorem to calculate the circumference from
diameter is also given in Karanapaddhathi (6.2). There may not
be any claimant for this theorem also.

Vyaasaath vanasangunithaath pruthagaaptam
_ thryaadyayugvimoolaghanai:
thrigunavygaase svamrunam Framasa: kruthuaapi paridbiraaneyu:

~ Multiply the diameter of a circle with 4 and keep it at
different places and divide each with the odd numbers beginning
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from 3, 5,7,... as their cubes subtracted by the same value. Repeat
this and add/subtract alternatively the results to three times the
diameter of the circle to get the circumference with the highest

degree of accuracy. This theorem can be mathematically
represented as follows:

Circumference = 3D +4D/(3%-3)-4D/(55) + 4D/77)- .....

The anonymous commentary given in the
Karanapaddhathi, for this theorem gives the worked out example.
If the diameter is 113, multiplied with 4 gives, 452, cube of 3
reduced by 3 gives 24 added this to 3 x 113 gives 538., 5 reduced
from the cube of the 5 gives 120 and when 452 is divided by 120

and that reduced from 358 gives 354 and repeat with 7,9, et.,
finally reach 355.

Karanapaddhathi (6.6) gives a rule for finding out the
circumference or diameter of a circle when one of these
parameters and both from another reference circle are known.

TR gy |
TRAWIS, HH EE gy s 11
Gunabaarakabhoothaisthairvyaasavrutthairyadoditham
ishatavrutthaannayeth vyaasam vyasaad vruttham viparyayaath
Take the known measurements of the circumference and
respective diameter of a circle. From the ratio of circumference
to diameter the circumference of an unknown circle can be

determined, when its diameter is known. Similarly from the
circumnference, the diameter can also be deduced.

This is an indirect method of calculating the value of
circumference/ diameter ([T). C/D xDi = Ciand D/Cx Cj =
Di where C and D are known parameters of a circle and Cji and
D1, one of which is known at a time.

Determination of hypotenuse for a Rt triangle principle
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was used by Aryabhatta for finding out the radius of a shadow
circle formed by the light on a lamp post on a gnomon. Shadow
circle is formed from the top tip of the gnomon as the centre ang
the radius(from the tip) end touching the end of shadow
According to Pythagorus theorem, square root of the sum of
squares of height of gnomon and length of the shadow gives |
hypotenuse and the same is the radius of shadow circle. |

(Aryabhateeya 2.14)

1
1
%
|

Sanko: pramaanavargam cchayaavargena samyutham kruthvaa
yatthasya vargamoolam vishkambbaardbam svavruttbasya

Add the square of the height of gnomon to the square of
its shadow. The square root of that sum 1s the semi diameter of
the circle of shadow. (this problem 1s also given in

Khandakhadyaka (L.i1.10) and in Mahabhaskareeya (II1.4):

TOTAHTATE  eTHgHATo: |
fasrrad wagwe e wHfr wewr o
Nrucchaayaakruthiyogasya moolamaaburmaneeshina:
vishkambbaardham svavrutthasya cchayaa karmani sarvadaa

The same explanation can be given for this line also. i.e
The sum of squares of the height and the distance of the shadow

gives the distance from the top tip of the gnomon to last end of
the shadow.,

Angular dimensions: There a ' i

in rﬁrﬂurem:snts. The linear an!: E;l?ﬁ:ii;ﬁiiiﬁ:ﬂuﬁ
common measurements are in the linear dimensions which ranges
from 0 to infinity measurements related to the circles, spheres
etc., have angular measurements ranging from 0 to 360°. Fach
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degree angle in mathematical Sanskrit is called amsa or bhﬂﬂﬂlaﬂ-
In the angular measurements a circle has 360° measuremcntiaj
katapayadi number system, a circle had EIEIGP (360 x 60) DE
(minutes) mentioned as & na tha pu ram minutes (i.e 216
minutes). Each degree is further divided into 60 minutes, called
kala and each minute(") into further seconds (") wh1c!1 is called
vikala. Further down each vikala subdivided into sixty parts
known, as thalpara and further down to prathalpu?. Thalpm:ﬂ
and prathalpara are also known as liptam and praliptam. It 1s
commonly believed that all these angular values are the
contributions of modern science. The knowledge on the angu.lar
dimensions, as it 1s known now in exactly the same way, is Indian
contribution. To cite an example, given here is a quotation from
Vateswara siddhanta IT i. 49 (c-d). 50 on the angular values given

in Bhootha sankya system:

STEEETRN: Hfew fawen: SHEeEya:
EeeaareeTy yfwmim: wfasn IR G
PrapfreeTafngt fave faaives 1
Angagunavedahuthaasaa: kalikaa vikalaa: samudrajaladbaya:
svalpajalakbaashtasasi dhruthisasina: kalikaa: saraagnayo vikalaa:
thrifyaakruthivarashta navathribbuvo visve jinaamsafyaa.

3437" 44" is radius and 11818047’ 35” is square of radius
and 1398" 13” (both are values in radians) is Rsin of 24°.

Angular dimensions in minutes and seconds are given in
the above figurés. These values are arrived at by the method of
dividing angle of a circle 360° by 2 x 3.14 (because 2[Tr=360° i.e
r = 360°2 x [, when multiplied with 60 for converting into
minutes - 3436" 21” is obtained. The modern answer for radjus
in angular measurements. Vateswara could give the above value
3437” 44" 1o a great level of accuracy, about 1300 years ago.

Later Puthumana Somayaji has also followed the same line.
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The angular dimension has been given with a greater leve] of
accuracy. The value in Karanapaddhathi (6.7) is givey in
katapayadi system.

ST AR AT = T |
AR TS s =
Anoonanooothnaananooonoonnanithyai ssamaahathaaschaky,
kalaavibbakthaa: chandamsuchandraadbamakumbhi paalaj
ruyaasasthadarddham thribba mourvikasyaath

When the diameter is 10,000000000, the circu_mﬁ.:r:nce is
31415926536. From the angle in radians can be obtained.

3437° 44" 48" 22" is the angular radius of a circle and its
qu'li.l'f is 113131{}2? Sn)lr 4GH.I' JH.H 15!.!#‘! ZDH‘H!F 4J"J'J'rrfﬂ']

Upto this level no mathematician has attempted to find
out the value for angular measurements.

Area of circles: Area of circle is the product of 3.14 and the

square of its radius. This has been directly given by Aryabhatta,
(Aryabhateeya 2.7)

waioEEY e wede gEee 1)
Samaparinaahasyaardham vishkambbaardba
hathameva vrutthaphalam

Half of the circumference when multiplied with half of
the diameter gives the area of the circle (1.e Half of the

circumference is 2 x 3.14 x d/2, this when multiplied with r, the
areaisobtained 3.14 xrx ri.e [1r?)

According to Brahmagupta the area of the circle (Sanskrit
lines quored in Lilavati along with the area of sphere are given
elsewhere) is "The product of circumference and one fourth of
the diameter gives the area of a circle. Four times of this area
gives the area of sphere (having the radius of the circle)".
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T!:;is can be mathematically represented as: 2 x 3.14 x r x
1/4 x diameter. This is the arez of circle. Le 3.14 x r x r. When

this is further multiplied with 4, j; becomes: 4x3.14xrxr,
which is the area of the sphere,

The same formula s said to be given in Tatwarthadigama
sutra bhashya (II1.11) of Umavatj, 5 manuscript belonging to the

first century AD and also in Bruhatksherra samasa (1.7) of
_]iual:-hafdt_'agam (609 AD). It shows thar from the very early days
determining the area of a circle to 2 very high level of accuracy

was known, Bhaskaracharya L in his commentary has given this
problem for determining the area of 2 circle (75.1)

G W e foerEr 1)
Dwichathu saptaashtaanaan Vydsaanaam yaani vrutthaganithaani
Sookshmaasannant sakbe viganaya ganithaanusaarena

Ol friend calculate according to the ganita of Bhatta

(Aryabhateeya) the nearest approximate of the areas of the circles
whose diameters are 2, 4, 7, and § units. :

In this problem from the given radius, the area of a circle
can be determined. Bhaskaracharya II, in Lilavati, has given
another method for determination of area, approximately and

also accurately, of a circle form its diameter (page 254 rule 42)
A T AT GE W TamesTER |
TIeT IRETfA T W %l qeeaerdT |
Vyaasasya varga bhanavaagninighne sookshmam phalam

panchasahasra bhakthe rudvaahathe sakrabatheathavaa
syaath sthoolam phalam thadvyavabarayogyam

When the square of the diameter multiplied with 3927 and
divided by 5000 the accurate area of circle will be obtained. But
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when the square of diameter multiplied with 11 and divided by
14, approximate value will be obraintained.

However, the correct answer happened to be given i |
reverse. By following the former method approximate area of 5
circle, which is equal to .7854 x d x d, will be obtained. By the
second method accurate value of the area of a circle equal tq
7857142 x d x d will be obtained.

Polygonal approximation : A complicated mathematical
procedure reported recently, after detailed study and
investigation, is one the polygonal approximation to circles given
by Madhavacharya, six centuries ago. This appears to be 2
remarkable contribution of the great Indian mathematician. This
has been derived carefully by Mukhopadhyaya and Adhikari, #

TR T FhEART e w0 it
ISTEAEREd § o=t faferemeymm: yarar:
T =rarde ueHs ol

Chatburbbuje do: kruthinaaga bhaagamoole
haro haara bhujaamghri bhedaath
bhujaahatbaadvaarabrutham thu konaanneethvaa
vilikhyaashtabbugaa: pr. :
dsbtadsmdomrdbakmtéimidqu
vyaasaardha varge padamathra karne
thenaaahared dordala vargabeenam
vyaasaaardhavargam yadatha: phalam syaath

160

Scanned with CamScanner



thadoona karno dalitho haraakhyo
gunasthu vishkambadalona karna:
bhujaardhamethena hatham gunena
barena bhangthva yad ihaapi labdham
thathkonatha: paarsva yugeshu neethvaa
cchineea fnthare syaadiba shodasaasram
anena maargena bhavedathascha
radaasvarka bruthsamathascha saadbryam

The square root of one eighth part of the square side of
quadrilateral is hara. Haraka less 1/4 of the side is multiplied by
the side and (the product) divided by hara. Taking segments equal
to the result thus obtained along a side from its corners (i.e taking
segments equal in length to this result on every side from this
corners on it) the octagon is formed.

Adding the square of half of a side of the octagon to the
square of radius, the square root of the sum obtained is (called)
the diagonal. By that diagonal is divided the square of the radius
less half the square of aside ( of octogon). The result is subtracted
from the diagonal and (the difference) is halved to get what is
called hara. The diagonal less held the diameter is multiplied by
half of a side (of the octagon), the product (on being) divided by
hara gives, which is taken (for length of segment) along sides
(measured) from corners (i.e on every side from either of it) and
out of to get a (regular) polygon of 16 sides. In this way of cutting
portions of each side (in between the corners on it) ultimately a
circle can be obtained.

This 1s a method to derive a circular figure from polygons
having many sides. It took the modern science many years to
understand Madhavacharya's above noted procedure.

Sankara has given an explanation for the above procedure.
First, start square of 1/8 in part of square of a side = Vx%/8 as
hara. Haraka less 1/4 th of a side (¥*/x/ B)-x/4 as koti karananatra.
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This multiplied by a side and (the pmdu::t} divided by harg g
haraka get circumference when x is the diameter as

circumference = x((Vx%/8)-x/4)/Vx*/8

Polygonal approximation to circles involves construction
of regular polygons of sides n(n24) either circumscribing a circle
or inscribing it. The explanation given here is the reproduced
version from the Journal, to show that this level of complexity |
on the mathematical derivation could be achived by the ancient

Indians.

Area of Spheres : Spherical body is an extension of circles. Circle
and spheres are related in different ways. From the area of the
circles, the surface area of the sphere can be calculated. Indian
mathematicians have calculated area of planet earth, using the
formula for calculating the area of sphere, obtained from the
diameter of earth (1050 yojanas). Brahmagupta's quotation for
determining the area of sphere is given. It has been mentioned
that the product of 1/4 of the diameter and circumference will
give the area of a circle. This when multiplied with 4 gives the
area of sphere,

Aryabhatta IT in Mahasiddanta (XVI) has also shown
circumference of a sphere, when multiplied with its diameter
gives the area of the sphere. 2[Ir x 2r = 4[Ir% In Lilavati
(p 281 - 41) the following stanza occurs.

Vrutthakshethre paridbigunitha vyaasapaada: phalam thath
kshunnam vedairupari paritha:kandukasyeva jaalam

golasyaivam thadapi cha phalam prushtajam vyaasanighnam
shadbhirbhaktham bhavathi niyatham golagarbbe ghanaakhyam
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When circumference is multiplied with diameter and that
result divided by 4, that will give the area of a circle. This when
multiplied with 4 gives the surface area of the globe which is like
surface of aball. This when multiplied with diameter and divided
by 6 gives the volume of the sphere of globe.

Mathematically 1t can be written as 2[Ir x 2r/4 =I1r?

This is for the area of the circle. This when multiplied with
4 the area of the sphere will be obtained. The next part of the
above stanza deals with the volume of the sphere.

In all the above equations, the area of a circle and that of a
globe have been given correctly. Hence, it can be proved that,
the Sanskrit literature in mathematics carried equations for the
area of circles, spheres, and related structures. Their contributions
exactly conform to modern mathematical knowledge.

Arcs and chords of circles: It is interesting to note that the arcs,
part of the circumference and chords, the line joining the two
ends of the arcs, were very well known to Indian mathematicians.
Aryabharta T gives the rule which is an important common
geometrical theorem, on the relation between the chord and the
radius of a circle. (Aryabhateeya 2.9)

ufte: ggunTe frspamdy @ gen |
Paridhe: shadbbaagaryaa vishkambhaardbena saa thulyaa

The chord of one sixth of circumference is equal to the
radius of that circle. This theorem appears to have been known
still earlier, since it is given in one of the Siddhantas included in
Panchasiddhantika of Varahamihira (IV.2 a,b). The relation
between chord and radius of circle is also given by Puthumana
Somayaji in Karanapaddhathi (6-19)

weEsTATsaTET el sfrdraatday |
Rreamfiefitssdt waq agafeamonfasaag: 1
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Svalpachaapaacchaghanashashta hﬁaaga‘:ba :Lri_fm raardhakruthiy.
bhaktha varjitham sishtachaapamibasinjanee bbaveth
thadyutho falpakaguno fasak fntﬁxﬂmnm

The chord of an arc of a circle is nbtaine-:_:l from the resy];
of the cube of the length of the arc divided by six times the cube

of radius and subtracted from the arc. This can be mathematica]]}v
presented as follows:

Chord (R Sine 6) = s - (*/ 6r%). Here length of the arc s is
in angular dimensions, r is the radius and  is the angle of the arc.

Another relation between circumference and the arc s given
by Bhaskaracharya I in Lilavari (p- 300. rule 49)

SR e Serefm s afteegEnt; |
AT, TRt e o =TI, T w1
Vmabdbigbmb@utbamm&aym vibbaktho
Jeevangghri panchagunitha: paridhesthuvarga:
labdbonithaath paridhivarga chathurtha

pte pade vruthidalaath pathithedhany syaath,

One fourth of five times the chord multiplied with square
of circumference divided by four times the diameter added with
the chord. This value is subtracted from one fourth of the square

of circumference. Square root of this is taken and subtracted from
half of the circumference o get the arc.

Le Arc = % circumference- V(1/4 circumference?) - (1/4
(chord x 5x circumference) + 4 x (diameter + chord)),

In Lilavati (rule 48 page 298), the following relation of the

diameter and the circumference with the chord is also given by
Bhaskaracharya II.

Wm:m@ﬂ':‘ﬂﬁqﬁmﬂ:qﬁﬁmﬁ@hm: |
ﬂﬁrfﬁﬂiﬁﬁq*ﬁaﬁwmmmn
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Chaaponanighna paridbi: prathamaabvaya:
syaath panchaabatha: paridhi varga chathurtha bhaaga:
aadhyo nithena kbalu thena bbejacchathurghna

vyaasaabatham prathamamaapthamiba fyakaa syath

Arc multiplied with the circumference minus arc is termed
as first result. The first result is subtrated from one fourth of five
times the square of circumference give the second result. The
first result multiplied with 4 times the diameter and divided by
the second result, gives the chord.

L.e. Chord = 4 x diameter (Circumference - arc) arc + 5/4
x Circumference’- (circumference - arc) are.

Lilavati 43b and 44b gives another interesting equation:

SATEANTSa e SRRl Jfad: I S |
EESAS TN ¥ e fgfrer wede sfar |
SitardeT YREFAgFd e Wast ool |
Jyaavyaasayogaanthara ghaathamoolam vyaasasthadoono dalitha:
sara: syaath vyaasaaccharonaacchara sangunaa cha moolam
dvinighnam bhavatheeba geevaa yeevaardbavarge sarabhaktha
yukthe vyaasapramaanam pravadanthi vrutthe

When the sum and differences of diameter and the chord
are multiplied, and their square root is taken and if half of that
is subtracted from the diameter, the arrow is obtained. The
difference of diameter and the arrow multiplied with the arrow,
twice the square root of that value gives the chord. The square of

half the chord divided by arrow and added with arrow gives the
diameter of the circle.

This rule is found to be correct and gives an example of the
inner vision of the ancient mathematicians to look into various
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aspects of the inscribed geometrical figures. Aryabhatra i
Aryabhateeya (2-17) had also given, yet another relation betweey
the diameter and the chord.

avad e wifeari o W
gy 7 '@y 9e 1

Yaschaiva bbujaavarga kotivargascha karnavarga: sa:
vruthho sara samvargo fardhafyaavarga: ya khalu dhanusho;
In a Rt. (one angle 90°) triangle, square of the base plus
square of the upright is the square of hypotenuse. In a circle
(when chord divides it into two arcs) the product of the arrows
of two arcs is certainly equal to the square of half the chord.

The second part of the theorem states that, in a circle if 2
chord CD and diameter AB intersect each other at right angles
at E then: AE x EB = CE. The first part of the theorem (similar
to Pythagorus theorem) when applied for a right angled traingle
inscribed in a circle is known as Hankel's theorem also known
as the theorem of hypotenuse. This theorem has been in
Aryabhateeya, centuries before Hankel. Hence Hankel's theorem
rightly belongs to Aryabhatta .

Angular relation with arcs & chords in circles : It is obvious
that the relation of an arc with the circumference or diameter
can only be through the angular measurements of arc. Higher
the values of angles the longer will be the arc and also the chord,
in a circle, upto a limit. Similarly, for the same angle, the higher
the diameter the higher will be the length of the arc. In fact dozens
of equations and theorems, known by the names of European
mathematicians have been put forth and applied in modern
mathematics. Many of these theorems belong to Indians. A few
among these theorems are quoted here,

Sine, Cosine and Tangent of angles: In modern mathematics
the use of sine, cosine and tangent of angles are very common. In
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a right angled tniangle if 8 is considered one of the angles, t_h"'
sin © of that angle is equal to the ratio of length of the opposite
side and hypotenuse. Cos 8 is the ratio of adjacent side and
hypotenuse. Tan 0 is the ratio of the opposite side and adjacent
side. It is believed that these three are the contributions of the
Western or European mathematicians. In ancient India these were
well known even during the period of Aryabhatta. R sine  is
commonly referred as a Bhuja or Bhujajya or Jya. R cos 6 is
referred as the Kotijya or Kojya or koti. Even though tan of the
angles was used in the theorem, there is no proof on the use of
the specific term for tan 6. In the applied mathematics sin 6/
cos 6 was used in India from very olden days. Knowledge of the
most complicated branch of mathematics j.e sine, cosine and
tangent undoubtedly had their origin in India. One of the
achivements of ancient Indians is the R sine 6 values given by
Aryabhattalin Aryabhateeya (1.12) in 499 AD. It is given in the
Aryabhateeya number system. Values for the Rsines of angles at
interval of 225" of the angular values are given. Le Rsin 225,
450°, 675"... etc,, It is presented as such and the corresponding
modern values are also given. This is similar to the modern
Clarke's table. Aryabhatta's table for R sin 6 and R sine difference
are given for 0° to 90° angular values at intervals 3° 45 Many
mathematicians have made use of this table for calculating R sine

values,
@ wie wfa ufg wfe =fa g T
=% Ty vufs fea
Wi U sF9 ufs o= w1 v ET

F9 W F B wowdsEm 1|

Makbi bhakhi phakbi ghakhi nakbi njakbi ngakhi hashja skaki

kishga sdbaki kidhuva dblaki kigra bakya dhaki kichya sga
 §jha ngva kla ptha pha ccha kalaardbajyaa
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205 (204.856), 224 (223'.893) 222 (221".971), 219 (219".100),
215 (215°.289), 210(210'.557) 205 (204".923), 199 (198".411),
191 (191°.050), 183 (182°.872), 174 (173'.909), 164 (164'.033),
154 (153.792), 143(142.724), 131 (131°.043), 119 (118".803),
106 (106.053), 93 (92'.850), 79 (79'.248), 65 (65".307),
51(51°.087), 37 (36.648), 22 (22".051), 7 (7.361)

These are R sine differences (at the intervals of 225 minutes
of the angle of an arc). In the parenthesis are given the modern
values based on Clarke's table. The R sin for 3600" (2978") was
modified by Aryabhatta Il and corrected as 2977" instead of 2978,
the value is wonderfully very near to modern value of 29777395,
The tables given in Suryasiddhanta and others like Bhaskara IT
and Aryabhatta II, in their respective books are the same.

Using the above table other mathematicians have described
the method for the determination of length of arcs and also the
method for finding out the Rsin values of the angles falling in

between 225’ angles. Bhaskaracharya I in Mahabhaskareeya (IV -
34 (I) gives this explanation:

faeiea stwen Sfar weuee: T
FdaAEd N HEE fAareE )
qHaEHien IFd ERAUGHI &l
wuftama e ooy v weq 1

Lipteekruthya harenamakbyaa jeevaa labdbasthatha: puna:
varthamaanahatham sesham makbyaachaiva vibbaajayeth
poorva sankalitheyukthe fyaathkramenothkramena vaa

svaparidlyaahatheaseethyaa labdbam kshayadhanam phalam.

Reduce the arc (from the degree angular values) to minutes
and then divide by 225, the quotient denotes the number of R
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sin differences to be taken co

ﬂ-90°_]. Then muluply the pietely (taking the Rsine 225’ from

remainder by the next Rsine difference
he quotient to the sum of the R sine

This procedure s exactly the
using Clarke's table. In the ab
Bhaskaracharya I, Aryabhatta's table
values are derived from jr. This method is also given in

suryasiddhanta (2, 31-32) and Brahmasphuta siddhanta (2.10).
The application of the method and jts scientific reliability for
calculating Rsine of 3

2° 1is given here as an example
(Mahabhaskareeya).

same as that we follow in

1s used as reference and other

Reduce 32° into minutes which is equal to 1920, divided

by 225to get 8 as quotient and the remainder is 120°. The sum of

8 Rsines from the Aryabhatta's table js equal to 1719, Multply
the remai

nder 120 with 9th Rsine (as given in Aryabhatta's table
e 191") and dividing the product by 225 we get 101’ 52”. Adding
this to the previous sum (1719), we get 1820 52", According to
Bhaskara's method R sin of 1920 is 1820’ 52 whereas the modern
value for R sin 32 is 18217 43%". Remarkably nearer!

Brahmagupta has arrived at this equation for finding out
the value for any angle 6 less than 225 for 't’ times of 225', where
't' be an integral number. Then 225' t + 6' = Sum of 't' R sine
difference + 0'/225 (t th Rsine difference + (t+1) the Rsine

difference) x % - ©'/225 (t th R sine difference - (t+ 1)th Rsine
difference) x 1.

This formula is also given in Khanda khadyaka (9.8) and in
Siddhanta siromany of Bhaskaracharya II (L,ii.16). In

Parameswara's commentary for Laughubhaskareeya (IL.2 (11)-3(1)
a similar explanation is given. Another method for determining
the Rsine is given by Nilakanta in Tantra sangraha (II 10-13),
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which can be mathematically presented as follows.

R sin (225t + @) = (Sum of t Rsine differences + 6 x (R
cos (225'(t+ 1))+ T cos (225 t)/2R.

Khandakahadhyaka (I X - 14) gives a rule for finding out
the arc of an angle, when its sine value is known, by using the
method interaction. The basic text from which the method was
derived is given here. It appears from the Sanskrit pandit's opinion
that the translation of the Khanda khadhyaka text was tough to
a mathematician. However the standard translation by Prot. P.C.
Sengupta’ is given here.

This translation has wide acceptability and true to its |
content.

IUAT AV ASTayg, et :
FE GUSHAHGY dooeusdl ATy 1|

Chapaanyane navasathavikalavadbaad bhogyalabdhalipthaabhi:
krutvaa ghandakrama sakruth thallabdha kalaa vikalachaapam

In finding the arc corresponding to a given sine, find the
residue left after subtracting as many as possible of the tabular
differences of sines, multiply it by 900 and divide by the tabular
difference to be passed over; by means of the minutes of arc
obtained. Find the true tabular difference by repeating the process
and thus finding the minutes of arc corresponding to the required,
to reduce the sine.

= i i — o —

Devacharya, in Karanaratna (1.23) has given the R sin 6 for
the angles 0 at intervals of 10° for the value of R (300"

T eE T RN T PR @S A |
FAMHES 7d Thifdar Samea-arabet: TR-<dr: ||
Ramonu rathnaddya nrumaanya lubdhako
naagagra nisthaara khagaagra maadburaa
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gnaanaangamithyathra nava prakeerthithaa
geevaabvanantbaapthaphalai: samanvithaa:
(If R,- the angular radius- is 300" 52, 102, 150, 193, 230,
260, 282, 292 and 300 are the Rsine values at intervals of 10°. To
obtain the R sine of the arc, divide it into smaller arcs of 600’
each and add the Rsine difference corresponding to them. This
shows that similar tables to that of Aryabhatta I have been
prepared by Indian mathematicians for the sine values of angles.

Thus it can conclusively be said that the systematic method
of discovering and applying the sine value is the contribution of
Aryabhatta I in 499 AD. Even though Aryabhatta himself has
not given the method followed, Bhaskara I gives it in detail.
However Aryabhatta gives the explanation in short form

(Aryabhateeya 2-11)

THgardE fomam fereagis=aE |
Tyl g faseamd wefy o
Samavruttha pardbi paadam chhindyaath thribbujaa
chhathurbbujaachhaiva
samachaapafyaardhani thu vishkambbaardbe yadeshtaani

Divide a quadrant of the circumference of a circle into as
many parts as desired. Then from the Rt triangles and
quadrilaterals one can find as many Rsines of equal arcs as one
likes for any given radius.

Accordingly the values Aryabhatta derived is given here as
exapmles.

Rsin30° = R/2 = 1719

Rsin60° = Y3/2R = 2978

Rsin 15° = %+(Rsin 30°)? + (R verse 3092 = 890

Rsin75° = yR2-(Rsin 15°) - 3321

Rsin 45° = R/V2 = 243’
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Given above are the exact values according to modery,
mathematics. This was based on the value of R in radians ,
minutes) as 3438’

Bhaskara in Mahabhaskareeya (VII, 17-19) has given the
method for determining the Rsine of acute angles (angles whijc},
are less than 90°)

HEfeifed wH Fead qoHIeT: RIS WaEiEeiey
Y e dSar fEen e @ty
Wi Yver freraeed T SESE: W Feey
FACTHTRT o7 T TS IEarren 9y aw.
Makhyaadirabitham karma vakshyathe thathsamaasatha:
chakraardbamsaka samoobadvisodhyaa ye bhujaamsakaa:
thaccheshagunithaa dvishtaa: sodbyaa: kbaabbreshukbabdhitha:
chathurthaamsena seshasya drishtamanthyaphbalam batham

bhaahukotyo: phalam kruthsnam kramolkrama gunasya vaa
lablryathe chandratheekshnaamsvosthaaraanaam vaapi thathvatha:

Subtract degrees of Bhuja (or Koti) from the degrees of
half of a circle (180°). Then multiply the remainder by the degrees
of Bhuja (or koti) and put down the result at two places. At one
place subtract result from 40500. By one fourth of the remainder
(obtained), divide the result at the other place as multiplied by

the antyaphala. Thus obtained is the bhahu phala (or Kotijya)
for the Sun, moon, stars or planets.

This theorem was given for astronomical calculations and
can be suitably adopted for mathematical calculations too:

R sin © = 46 (180 © - 6) R/(40500 - © (180 - 6)

This theory has been proved by Prof. K. S. Sukla 7!, and
detailed discussion is given in the book published by the
Department of Mathematics and Astronomy, Lucknow
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University. On the above equation Sukla states that "the Indian
mathematicians were aware by latest 9th century AD that an
infinite convergent series has a finite sum as given above”.

Values of Rsine 8 given by ancient Mathematicians: Many
mathematicians have given Rsin B values for different angles and
also methods for getting these values. In Karanapaddhathi (6-8),
Putumana Somayaji gives the following values in relation with
the rasies (signs) in zodiac, thus:

ﬁ?ﬁi}ﬂﬂfdﬁdﬂ‘!ﬁkﬂ?ﬂi{tﬁm tﬁﬁ}}ﬂgﬂ#mﬂr@gtﬁ- Pm:fam
bhavedadiryardba raasifyaa thaabbyamanyagunaan nayeth
When half of the trijya (radius) is taken, it is the chord of
the arc of 30° (Rsin 30%). The square root of half of the square of
trijya 1s the chord of 1 rasi (i.e. R sin 45°). From these two the
chord of other angles can be calculated (one rasi = 30):

1.e. Radius = Trijya = 3438 R sin 30° = 3438/2 = 1719’
Rsin 45° = V(3438)%/2 = 3438/ V2 = 2431’

Prof. T. A. Sarawathy " has derived this equation from
Bhaskaracharya I

Rsin 18° = Y5R?-R/4 R sin 36° = V5R2- V5 R*/8

Lallacharya, a renowned astronomer of ancient India, has
given the following values in Sishyadhi vruddhi Tantra. (2-8,9).
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Itis said that 3438 is Rsine (Jya) of an arc of 90°, this is also
radius of circle (in radians) where circumference is 360° of
21600".... and R sine of an arc of 24° is 1397”,

Relations among R sin 6, R cos 6 and R tan 6: The arc and its
radius, angle, etc and the sine and cosine are given by
mathematicians and astronomers. Quoted here is that explained |
by Neelakanta Somayaji in his Aryabhateeya bhashya (I. 48-50)

TSR AeuTEe=Y Sy E e =T |
TR 99 TAAEHEIEE S B 3 ToTey |
N T d: 1

Ekachaapa samasthajyaa sruthiroopaakbileshvapi
chaapabbageshvibecchaa syaanmaanam vyaasadalam thathaa
thatthath kaarmuka madhyaagre kotidoriye phale ubbe
icchaaphale thu do: kotyo: kbandajye jneyathaa yayo:
thrairaasikam dvayam kaaryam chaape chaape thayoscha thai:

The chord of the elemental arc in the form of a hypotenuse
is needed throughout. The radius is the argument in the same
way. The cosine and the sine at the mid point of the elemental
arc are the two fruits. The two processes are the sine and cosine

differences. These two rules of three should be applied arc to
arc.

Karanapaddhathi (8-8) also gives an important relation
between Rsin 6 and Recos 6.

AR AR ot T |
Aot AT R TE et 1

Anyonya kotihathayorabbimatha gunayosthrijeejavayaa hatbayo:
yogaviyogow syaathaamabbimathagunachaapa yogavivaragunow

The sum of the products of Sin A and Cos B and when
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angles are exchanged, Sin B and Cos A, gives the Sin of the sum
of the angles. Similarly the difference of the above gives the value
of the sin of angular difference. Le

Sin (A+B) = Sin A Cos B+Cos A Sin B And

Sin (A-B) = Sin A Cos B - Cos A Sin B.

Formulation of this equation needs great mathematical
talent to calculate the sine, cosine and the complex rules related
with their addition and multiplications. Earlier to Puthumana
Somayaji, Sangamagrama Madhavacharya has also given this
equation in Yuktibhasha. Madhava's explanation has the same
meaning, given in different wordings. In Varahamihira's
Panchasiddhantika (4, V. 19), another set of complex relations
among the sine and cosine angles are given which can be
mathematically summarised as :

(R sin 8) = R/2 (R - R cos 2 6)%,
R? Sin*€* + R'cos’@* = R?
It is important to note that Varahamihira's period is nearly

one and half a millennia ago. In Vateswara siddhanta (I1.1.57) the
followiong equations are given, in 904 AD.

FifidfenTg frEmEE: 1

Kramaguna kruthirvibbakthaa svolkrama mourvyaa

phalam thribbajyonam vaaanya: kotibhujaamsai
sthribbaad vibeenaadgunovaanya:
The square of the Rsine of bhuja or koti divided by its
own R versed sine and the result diminished by Radius gives the

other (R sine or Rcos). Rsine of 3 sign (90°) minus the degree of
koti or bhuja is also the other.

These equations can be mathematically presented as follows:
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R cos@ = (R sin 0)3/R verse 6 - R

Rsin® = (R cos )"/ R verse (90 - 6)-R

Rsin® = Rsin (90-koti) or R sin (90°(90°-8))

Rcos® = R sin (90° - bhuja) or R sin (90° - 6 (R is radius
and 6 is angle)

Vateswara siddhanta I1.i.56 (page 116) also gives the
following relations of the radius, sinf and cos

gl safaeted aaen giEwr
"o () wiefffar gfretdemmesraat
F-aeEr fafEe fRadas e

e SEasiEl R qemn: e
Thriyjyaabaalrvagra mourvyaa: kruthivivarapade vetharafyaa pradishtaa |
baabvagragyaa (thri) mourvyorvivara yuthi batbermoolamaabu -
sthayorvaa vyasthajyaa-vyasthajeevaa virabitha nibather
yatbpadam syaathkramafyaa vyaasaghnaa vyasthajeevaa
< dorvthirabink !  iiAdina

This can be mathematically represented as follows:
(Kotijya) R cos © = VR?- (Rsin 6)?
(Bhujaya) R sin = YR?- (R cos 8)
Rcos8= VR (R-RsinB) (R + R sin 6) |
Rsin® = Y(R-RcosB (R + Rcos )
Lallacharya in Sishyaddhi vruddhi Tantra (3-3) has given
another rule for sine and cosine equations.
Asafert foaffa Prveear oefqet waq
Hifewd YerElsd FacvesiargaT
WG agiiel: Fifesia g
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TS eI YA Ee A s e 1

Dorjyaavarga vrvarjitha thri bhavanajyaa vargamoolam bhaveth

kotifyaa bbuja bbaaga varjitha navathyamsotthajeevaathavaa

spashta sva svagunaahathe kbabrasubbirdo: kotigeevebruthe
syaathaam do: phalakoti samnakaphale thaablryaam sruthim saadhayeth

Square root of the difference of squares of R sine 90° and R

sineof an arc, isR cosineofarc OR R sine of the difference
of 90° and the arc is R cosine of arc.

In Karanapaddhathi (6-10) an equation relating R sin 6,
R cos 6 and arrow is given.

TR V=S T e e wie: |
SIS Ao e e g s Rt ||
Yadveshta chaapagunatha ccharavargayoga
moolaardhamishtadbanurardhaguna: pradishta:

Jyaanaam nyathriguna vargaviseshamoolam
kotisthadoona sabithow thrigunow svabbaanow

Square root, of the square of a chord (R sin 6) diminished
from squares of radius gives the koti (R cos 8). This subtracted
from radius gives the (small) arrow of arc. This added to radius is
big arrow of the arc.....

In Karanapaddhathi another relation is given (6-11)

R Ire e E U b e b Ll
anfiFat o sfamEsfesmmde: sifae w&ar 0

Yadveshtakotyaahathavistha raardhenonaanvithow
vyaasadalasya vargow ardbeekruthow thow padithaa
vabheeshtachaapaardbado: kotigunow bhavethaam

The R cos & when multiplied with radius and diminished
the result, from the square of the radius, Square root of half of
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this will give the R sin 8/2 (instead diminishing) if added, th, |
result to the square of radius and followed the procedure they |
koti will be the result i.e R cos 8. Mathematically it is written g,

V4 (R-R?cos0) = R sin 6/2 similarly
V% (R?+R? cos 6) = R cos 6/2

The theorem given by Puthumana Somayaji on the are, I
chord and sin and cos angles (Karanapaddhathi 6-12, 13a) is of
great significance.

S W, Serlf Ty qg=Tedigane gary d=f
oM AT FearaifaTERgEi 9 S
farerErufiasq T=3u TR Tear ||
Chaapaaccha thatthath phalathoapi thadvath

chaapaahathaadvyaadi hathathri mourvyaa labdbaani yugmaani

phalaanyadhodhaschaapaadayugmaani cha vistharaardhath

E ST T The
The arc is multiplied by itself (for a definite number of
times) and the product is multiplied once again by the same arc.
The result is divided by the product obtained by multiplying 2,
, etc.., (upto the same definite number) with the radius
repeatedly multiplied by itself (upto the same number of times).
The quotients thus obtained for the even values of definite
numbers (upto which the aforesaid multiplication is repeatedly
done) are set one below the other (in one column) and likewise
those corresponding to the odd values of (definite) numbers (in
another column). From the first terms is subtracted the term
immediately below and so on for every column. All the values
thus obtained in the case of the even column are subtracted
er from the arc. Similarly the corresponding values for
the odd column together subtracted from the radius. The results
are the bhujajya (R sine 6) and kotijya (R 6) respectively.

178

Scanned with CamScanner



This equation can be summarised as follows after carrying
out the procedure directed in the theorem.

An-5"xS/ (2x3x4x.....(n+1)) x r2: (S =arc) = §6+0/(n + 1)Ir°
The results obtained are bifurcated as odd numbers and even
numbers. Odd number results are labelled as Al A3 A5....
And even number A2, Ad, A6....

When n is substituted by the respective odd or even
numbers the following separate schedule will be obtained for
odd series and even series.

(A1-A3), (A5-A7), (A9-A11), ..........

(A2-A4), (A6-A8), (A10-A12), ........ From the above,
Bhujajyaor Rsin 6 = S- (A2-A4) - (A6-A8)-(A10-A12),.....
KotijyaorR cos® = R - (A1-A3) - (A5-A7) - (A9-A11),......

From these equations the modern forms can be obtained
by substituting value of S = R6 for small values of § and as follows:

Snb =6-6/3! + 8/5!- /7! +..... and
Cos 0 = 0-0%/2! + 64/4! - 6¢/6! +....

Where 3! 1s (pronounced as factorial 3) 1 x 2 x 3 and same
tor others too. In the above, Sn is the arc, 0 is the angle and R is
the radius,

In Karanapaddhathi an interesting example is given with
the help of an ancient commentary:

Multiply 5400°, (angle of 3 rasi - 90° given in minutes) with
itself and divide by twice the radius (in minutes) 3438”. The result
15 4241°9”-0"". This is odd value (in minutes, seconds and one
tenth of the seconds).

Multiply the above result with 5400" and divide by thrice
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the radius. The value available is 220" 39" 40", (this is for even
value)

This value is multiplied with 5400 and c!ivideii: h};,r Ehrice
the radius. Corresponding odd value obtained is 872" 37 5™,

When the procedure is repeated, the next even value
obtained will be 273’ 57 47"

And the next odd value obtained will be 717 437 24",

The next even value will be 16" 5” 41"/, the next odd values
3 9" 37" Next even value is 0’ 33" 6’”, and odd ".f_a]ue Q5"
12" Next even value is 0’ 00” 44°” and last odd value 1s 0" 0" 6™

By arranging the values according to the directions given
in the theorem, sine and cosine value will be obtained. All the
angles given above are mentioned in katapayadi number system
and in the above explanations only their equivalents are given.
The series was developed from the preliminary theorem put forth
by Madhavacharya (1400 AD) on the sine, series. This theorem
in modern mathematics was rediscovered by James Gregory
(1638-1675 AD). The mathematicians recognised the original
contributions of Madhavacharya and hence this series 1s now
renamed as Madhava-Gregory series, What 1s followed in the
above series by Puthumana Somayaji is another novel series
discovered by him. Somayaji was also anterior to James Gregory.
Henace this "Gregory series” is really "Puthumana Somayaji
Series". However the father of sine, cosine series of equations
and theorems is Madhavacharya.

Tangent of angles: Sin 0 divided by Cos © gives the Tangent 6.
It is based on the sides of a Rt angled triangle. These parameters
are widely used in modern mathematics for calculating slopes.
%lﬂpe of any structure is directly related to its tangent. Available
literaure does not give any details on ancient Indian contribution
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on this geometrical parameter of tan 0, Hence presentation of
this data w.l!s special significance because, it is the revealation of
a new topic on which Indians had made their original
contributions. The theorem given in Karanapaddhathi (6-18) is
of significance in this context.

jyaavargena vinighna maadimaphalam thattbathphalam chaahareth
kruthvaakotigunasya thathratbu phaleshvekathri panchaadibbir
bhaktheshvojayuthai sthyajeth samaysuthim jeevaadhany: sishyathe
Jya ot an arc to be multipliéd by radius and divided by koti
(R cos 6). This is the first term (of the series). The value of the
first term when multiplied by the square of Jya (R sin 6) and
divided by square of the koti gives the second term. This process
is repeated. The successive terms are divided by the odd integers
1,3,5,....Now, when the consecutive terms in the series starting

from the first term are alternatively subtracted and added gives
the circumference of the arc.

This theorem can be summarised in mathematical terms as:

First term = RxRsin6/RcpsB =Rtan0
Secondterm = R xR sin6BR cos®x (R sin 6)%/ (R cos 6)
= Rtan 0 x (tan 6)* = R (tan 6)°
The third term will be obtained by multiplying the second
result with the second part of the second equation, and it will be

equal to R (tan 8)° and so on for further results. Alternatively
adding and subtracting, after dividing with 3, 5, 7,..... the following
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equation will be obtained. WhenS = RO or 8 = S/R i.e.

6 = tan 6 - 1/3 (tan 6)°+1/5 (tan 6)* ...... This formy],
holds good when the angle is equal o or greater than 45, Where
S 1s the arc and © the angle and R, the radius of the arc, T, ]
theorem even though discovered by Puthumana Somayajiin 1433 |
AD is at present known as De Moire's (1667 AD) theorem, '

S = r(rsin6/rcosB)-1/3 (rsin 8/r cos 8°) 1/5 + (rsin 0%/
r cos 6°)-.....) When r sin 8/r cos 8 is taken it is tan 6,

Sankara Varman’ gave another theorem which s
mathematically written as below:

g, RrEfies=rita geres Tt 1
Vyaaaghnearkapade krutheagni bbirethaanithe chathathphalaath
chaikatkadyayujaabrutheshu paridberbbedo yugonaikyayo:
evam chaathra paraardha vishthruthimahaa
vrutthasya naahoksbarai: syaad bhadraambudbi siddhaj
anmaganitha sraddhasma ja bboopagee:

This can be mathematically represented as

IT= 6 tan (1/Y3)=6 (1/V3-(1/N3)/3+ (1/3)5/5-..... (tan -'is
tan inverse) This is also known as Gregories series, after the
name of the 'discoverer' Gregory (1670 AD). But Sankaravarman
discovered this theorem in 1535 AD. Sankaravarman also gave
an extension to this equation as mathematical presentation is as

given in the reference.

M= V12/1- ¥12/(3x3) + 12/ (3%5) - V12/(3x7) + V12/(3%9)-....
Volume of geometrical figures: The volume of any geometrical
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figure is the content of material present in that structure. Amount
of water contained in vessel when it is filled, is the inner volume
of the vessel. Siﬂlﬂﬂﬂ}" for a cube, globe, pyramid, cone, etc, and
all type of structures volume can be determined. Archimedes
found out the volume by dipping the material in a bigger vessel
containing water upto the brim. The quantity of water
overflowed is the volume of the structure. Volume is calculated
using mathematical equation if it has a uniform shape. A cube, a
cone, sphere, hemusphere, etc. are uniform structures, The volume
of these, can be calculated directly. In ancient India the procedures
adopted for calculating the volume of some structures were
accurate. Whenever, the level of accuracy was not attained, the
next generations of mathematicians have tried to attain perfection
in the values and methods. Method for the determination of
volumes are given in Ratna pareeksha and Rasa sastra. Finding
out the volume was adopted as a method for examining purity
of gold and jewels. Some other books also casually describe the
volume of structures.’ A few descriptions can be seen in Puranas
and Artha sasthras. Narada purana (purva bhaga, II, 54, 51-56)
gives the explanation for determining the volume of water
reservoirs.: The product of length, breadth and depth (in angulas)
of a reservior would be the quantity of water in the reservoir, in
Dronas (unit of measurements). Similarly, to find out the weight
of food grains (in drona) in a heap, its length, breadth and height
(in angulas) are multiplied and divided by 96. The length, breadth
and thickness of a piece of stone (in angulas) multiplied and then
divided by 1150 would give its weight in Dronas. Similarly, the
length, breadth and thickness of a piece of iron (in angulas)
multiplied, and divided by 585 would give its weight in Dronas.
(The rule has to be examined for ascertaining the accuracy).
However the concept of volume, the density of the matter and
finding out the weight, were known to the authors of the Narada
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purana and to the people of that time ™, which is sup[lmscd to be
written not later than 200 BC. This tradition of ﬁndu}g outthe |
quantity of materials having different shapes was continued ang
correct equations were derived in due course of time.

Volume of uniform structures ; Brahmasputa siddhanta gives
the general equation for determining the vc:llume of structures
when they have a uniform pattern. In Ganithadhyaya of thjs

book (XIL. 45, 46), it has been stated as follows:
Gt i N
YA S g T |
Femforafzeng =Eered verg Bifin

Practical volume to be equal to the area found by taking
mean of the linear dimension of top and bottom and multiplied
by the height. Gross volume to be equal to the mean of the area
of the top and bottom multiplied by the height.

Even though Brahmagupta has given two methods for
determining volume, for a uniform structure, the product of its
surface area and height will give the volume. Part of this rule is
applicable when the lower and upper surface have different
measurements but almost same shape, When there is a variation
in the surface area, the measurement has to be taken as follows:
If the material has the shape of a cylinder, then, Practical volume
= I1(ri + ri)/2)* x h and Gross volume = (Mri?+Irii?)/2 x h.
The upper radius is ri and lower radius is rii and the height is the
same for both.
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In Lilavan {P’n'gle 304-3a) the universal rule for determining
the volume of a straight non pointed structure is given:

HARE TN duRd S TR |
Kshethraphalam samamevam vedbahrutham ghanaphalam spashtam
Area multiplied with average depth gives volume of the

figure. This gives an approximate answer equal to the modern
value, because average height gives near approximation,

In Lilavati (p 310-1) application of this rule is correctly

followed as the product of surface area and height is the volume
of the structure, in this example

S e o ReesenEee w vk
TeEETRT o Rffesaffafim e
fedegy gyt v wo= e ey 1
Ucchrayena gunitham chithe: kilakshethra sambbava phalam
ghanam bhaveth ishtikaaghanahruthe ghane chitherishtakaa
parimithascha labbyathe ishti kecchraya hruducchithischithe: syw:
stharaascha drushadaam chitherapi

(When bricks are arranged in a platform - chiti - in length
breadth and height-) the area of the upper surface of chiti
multiplied with height gives volume of the chiti. When the
volume of chiti is divided by the volume of one brick, the number
of bricks in it can be obtained. Similarly, length of chiti divided
by length of bricks gives, the number of bricks in length and
that is applicable for (the number of bricks in) height layer and
base layer.

In Lilavati an exercise is given (page 308 rule 3 and example 2)

anifa fraege 9 o wel 7afa: fea
9 AY:1 g q9 SeTeRioveey GEike 9%
TP TG A 1
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Kbatbe fatha thigmakarathulya chatburbhuje cha
kimsyaath phalam navamitba: kilayathra vedha: |
vrutthe thathaiva dasavisthruthi panchavedbe |
soocheephalam vada thayoscha pruthak pruthak me |

Find out the volume of a rectangular structure with square
face of 12 unit length and 9 unit depth. Similarly find out the
volume of a cylinder with diameter 10 unit and depth 5. Also in
the above two forms, find out the volume of pyramid (in former)
and cone (in latter) with above dimensions respectively.

These four problems are fine examples to show that
relations among the volumes of a rectangular structure and the
pyramid, and the cylindrical structure and the cone were well
known. Another problem on the volume of a triangular pyramid
is given in the Bhaskara bhashyam for the Aryabhateeya (58.1)

SEATEHEATIIGH BEYNUIHas F==red
SrefyeuiE TREAETEE W OEie |

Srungaatakaghanganitham duvaadasaganithaasrithasya
yachbaasya cordbvabbujaa parimaanam sphutathara

maachakshva me seeghram.

Quickly tell me the more accurate volume and also the
measure of the altitude of the solid having the shape of a trapain
which each edge is 12 units

The method adopted by Bhaskara is not correct since he
used the same wrong formula used by Aryabhatta.

Volume of conical structure: The volume of a conical structure
is given accurately in Lilavati (304 P. 3b) by Bhaskaracharya 1T

FHEEEEs: e we vEf |
Samakbaatha phalathryamasai: soochikbathe phalam bhavathi

The one third of the volume of the uniform cylinder is the
volume of the cone.
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The volume of the cylinder is known as the product of the
area of the circular surface and the height, this formula correctly

defines the volume of the cone. Earlier to Bhaskarachrya II,
Brahmagupta in Brahmasphuta siddhanta (XIT.44) has explained
the volume of the cone, while defining the volume of a conical
well, for estimating the quantity of the soil to be removed from
it during digging. The translation of the statement is; Volume of
a uniform excavation divided by three is the volume of the needle
shaped solid'. Needle shaped solid is the cone, one third of the
volume of cyliner, is the volume of the cone, having the same

height and radius. This shows that the equation for finding out
volume of a cone is derived gt e

ast during the 6th century AD.
Volume of partial cones: A conjea] structure, can be partial
also having one half, one fourth or three fourth of the full cones,
These structures or shapes are common too. An interesting
applied problem on

: cones is given by Bhaskaracharya II, for
calculating the volume of grains kept in different types of partial
and full cone shapes (Lilavati 317 Page)

rcumference of 30
the room, inside corner and
e of the grain if the height is
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of food grain. In the inside corner of outside wall onefourth of 3
cone gives the volume of grain three fourth of the volume of
cone will be the volume of grain, on outside of outside wall, and
half the original volume will be the volume of grain supporting
on a wall.

The rules applied by Bhaskara II, given below, is only ag
approximation not the exact formula (Lilavati 414 Page, 1b)

wafy uifims gfift dufm i :

wEtmarerE @ |
Bhavathi paridbishashte vargitbe vedhanighne
ghanaganitha karaa: syurmaagadbaasthaascha svaarya:

The square of one sixth of the circumference multiplied
with the height gives the volume of food grain; This method was
followed by the people of Magadha.

According to this, the formula is [Ix [Tx rx r x h/9. Where
as the correct formula according to modern mathematics is [Txr
x rx h/3 (i.e 0.9554 x Bhaskara's value), However the definition
given by Bhaskara is perfectly correct( Lilavati 304p.3b)

Volume of spheres: Aryabhatta I had given a method for the
determiantion of the volume of spheres (Aryabhateeya 2.7)

Tauftumeeandy  fasrandeddd gawa |
feme T yeee e 1
thannijamoolena hatham ghanagolaphalam niravasesham

The areaof a circle is the product of half the circumference
and half of the diameter. This multiplied by its own square root

gives the exact volume of the sphere i.e [Ir* x V[1r2, will be the
volume of a sphere of radius r.
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This equation will yield only approximate answer.
M;havcerachar}?ﬂ (805 AD) has given another formula in Ganita
qra sangraha (VIIL 28a) in which the volume of sphere is stated
s 9/4 X 9/4 x r’. Bhaskara I gives the volume as 9/2 x r. It
sppears that even upto Prutudaka (860 AD), who wrote 2
commentary on Brahmasphuta siddhanta (XI. 20), many
mathematicians used the same equation given by Aryabhatta I
for calculating the volume of a sphere, whereas Sreedharacharya
(900 AD) used the equation 4 (1+1/18) r* which is given 1n
Trisatika (rule 56). Aryabhatta II (950 AD) in Mahasiddhanta
(XV.108) and Sreepati (1039 AD) in Siddhanta sekhara (XII1.46)
used this equation for calculating the volume of spherical bodies.
Bhaskara II gave the correct formula for the volume of a sphere,

(Lilavati 201 (c-d)).

qaas TR W v adguri:
FEmEaaEr, | Tedd Teft 9 B ged Mo
wefinfeay wafa ey e w1
Viutthakshethreparidhigunitha vyaasapaada: phalam
thathkshunnam vedairupari paritha: kandukasyevajaalam
golasyaivam thadapi cha phalam prushtajam vyaasanighnam
shadbbirbbaktham bbavathi niyatham golagarbbe ghanaakbyam

When the circumference is multiplied with the diameter
and that result divided by 4, gives the area of a circle. This when
multiplied with 4 gives the surface area of the globe like that of a
ball. Further multiplied with diameter and divided by 6, one
gets the volume of that sphere. 4 [ Px 2 rx 1/6 = 4/3 11 7.

This is the same as the modern equation. In short, values
given by Mahavira is 4.22 x r’, Aryabhatta I is 5.56 x r’ Bhaskara
[15 4.5 x r* and the correct value 15 4.187 x r.

Mathematical theorems discovered by Indians:
A number of mathematical theorems have been discovered
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by ancient Indian mathematicians some of which have already
been explained. Many of these Indian theorems are at present
known in foreign scholars names. Some of them also remain
unknown. No effort appears has been taken to prove that these
are originally Indian contributions to modern mathematics. With
an exception of the work done by Dr. K.V. Sarma” which stands
unique. Literally, he has brought the facts and figures to put forth
the authentic claims on Indian achivements, in the development
of these theorems. Some of these Indian theorems are given below,
with its foreign names.

Gupta 7 in his book on 'Second order interpolation in
Indian mathematics upto fifteenth century says that Newton
Stirling interpolation formula was known to Brahmagupta.

Following the rules of Brahmagupta, Kerala astronomer
Govindaswamin (800 AD) had given a set of rules for the
comutation of intermediary functional values. Govindaswamin

gives this in his commentary to Mahabhaskareeya (4.22).
Newton Gauss Interpolation formula of Govindaswamin:

TR UTREEas AT

pacchad-yata-gunantharavapuryathaishya-disvasanaac-
chedaablyaasa-samuba-kaarmukakrti-praapthath tribhisthaadithab
vedaihi sadbbir avaaptam antyagunaje rasyo: kramad antyabhe
ganthavaabata-varthamaana-gunajaacchapaatham ekaadibhi:
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antyad utkramatab krameng vishamai: sankbyaviseshai: kbsiped
sodbyam vyutkramathaastathakrthapblam.....

Mathematicaly this formula is summarised as follows:

F(x+nh)= Af(x)+ nf(x) + %n(n-1) (Af(x) - Af(x-h)

Multiply the difference of the last and the current sine
differences by the square of the elemental arc and further mutiply
by three. Now divide the result so obtained by four in the first
rasi, or by six in the second rasi. The final result thus obtained
should be added to the portion of the current sine difference (got
by linear proportion). In the last rasi, multiply the linearly
promotional part of the current sine differences by the remaining
part of the elemental arc and divide by the elemental arc. Now,
divide the result by the odd numbers according to the current
sine difference, when counted from the end in the reverse order.
Add the final result thus obtained to the portion of the current
sine difference. These are the rules for computing true sine
differences for sines. In the case of versed sines, apply the rules iv
the reverse order and the above corrections are to be subtracted
from the respective differences.

This interpolation formula is now known as the Newton
Gauss (1670 AD) interpolation formula as mentioned by
Whittaker and Robinson, It is actually the contribution of
Govindaswamin.

Newton Gauss backward interpolation formula of Vatesvara:
This interpolation was known to Brahmagupta, which is given
in Khandakhadhyaka (I.1.4). Brahmagupta's period was 1000 year
before Newton. It is also given by Vateswara in Vateswara
siddhanta (T1.1.66). Quoted here is from Vateswara:

YN T SiaTdd TeuH §Es o |
were faateay 9 v frasg fawesa 1
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labdaghna vivarabatbam cha samsodhbya niyogya vikalajyaa

In modern mathematical form this interpolation formul; |
can be written as f(x) = f(xi)+ (x-xi)1/h Af(xi-h) + (x-xi)1/h. (x.
xi+h)1/h. A¥(xi-h)%.

Add 1 to the labdha (what is obtained on dividing the
residual arc by the elemental arc), reduce it to half, and then
multiply that by the product of the labdha and the vivara (that is
the difference between the traversed and untraversed Rsine
differences). Subtract that from or add that to the product of the
labdha and the traversed Rsine difference. Then is obtained the
residual Rsine difference.

Many modern mathematicians are aware that Newton
Gauss forward interpolation formula was known to Indians,but
they never believed that the backward interpolation formula was
known to Indians. Vateswara siddhanta gives clear proof for the
knowledge of that formula also. Brahmagupta was the first
mathematician to give this backward interpolation formula. But
Brahmagupta's formula is now known as Striling’s formula of
interpolation.

Taylor series of sine and cosine function of Madhavacharya:
This function has been described to Sankara Variyar's explanation
on Nilakanta's Tantrasangraha (II, 10-13). The stanzas given
below are from Nilakanta Somayaji's commentary of

Aryabhateeya (2-12)

ARy s 3 A fgE qeneE
< weply: U4 ¥ TA R @O S
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' ista-dobkotidbanushob svasamipasamirate ¢ nyasya

sdolbtdenchob et e s
nyasyacchedadya cha Mftbﬂmrsamshamﬂidbma}u anyasyam atha
taam dvighnaam tathaa syam iti samskriti: santha te krtasamskare
svagunas dhanusas tayo:

Placing the sine and cosine chords nearest to the arc, whose
sine and cosine chords are required, get the arc difference to be
. subtracted or added. For making the correction, 13,751 should
| bedivided by twice the arc difference in minutes and the quotient
. is to be placed as the divisor, divide the one (sine or cosine) by
this divisor and add to or subtract from the other (cosine or sine)
according as the arc difference is to be added or subtracted. Double
this res "lh, and do as before. Add or subtract the result to or from
the first sine or cosine to get the desired sine or cosine chords.

It is found that this theorem is from Madhava of
Sangamagrama (1340 AD). Somayaji has mentioned that this is
from Madhava's book. But it is now known as the Taylor series

of sine and cosine functions discovered by Book Taylor ((1685 AD) |

Newton power series of Madhavacharya: Newton series of this
nature was given by Madhavacharya in Yuktibhasha and also by
Puthumana Somayaji in Karanapaddhathi (6-12,13)

g
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nihatya chapavargena chapam tatthathphalani cha
haret samulayugvargaistrifyavargabatai: kramaat
chapam phlani chadbodhonyasyoparyupari tyajet
Jivaptyat, sangrabo syaiva vidvan-ityadina krtha:
nibathya chapavargena rupam tattatphalani cha
hared vimulayugvargaistrifyavargabatai; kramat
kintu vyasadalenaiva dvighnenadyam vibhajyataam
phalanyadhodha: kramaso nyasyoparyupart tyajet
saraptyai, sangrahoa syaiva stenastri-tyadinaa krta:

Multiply repeatedly the arc by its square and divide by the |
square of even numbers increased by that number and then
multiplied by the square of radius. Place the arc and result one
below the other and subtract each from what 1s above it. To
derive the arc, which are collected, beginning with the expression
Vidvan (katapayadi number). Multiply repeatedly, the unit
measurement which is the radius, by the square of the arc and
divide by the square of even numbers decreased by that number
and then multiplied by the square of radius; the first is, however,
to be divided by twice the radius. Place the results one below the
other and subtract each from the one above it. That is the method
to derive the saras, which are collected in the beginning with
stena. This equation is now known as Newton power series.

Lhuiler's formula of parameswara: The formula given in

Parameswara's (1360 AD) commentary to Lilavati on the circum
radius of the cyclic quadrilateral is known now as the Lhuiler's

(1782 AD) formula.
ArwgEEaragarr, e qur
TEFRAUAFIH TqEhAUTIIN
weued Fegwy, fasrnrd fafifaq waq
Tfogem afoee frsed
Doshnamduvayordvayor ghaatayutaanaam tisraanaam vadbaat
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ekaikonetarattraikyam catushkavadhabbajitam
labdbamulena yadurtiam vishkambbaardbena nirmitam

sarvam caturbhujakshetram tasminnevatisthtabathe

The three sums of the product of sides, taken two at a time
are to be multiplied together and divided by the product of the
sums of the sides taken three at a time and diminished by the
{gunl-f, If a circle is drawn with the square root of this quantity
as radius, the whole quadrilateral will be situated inside it.

This has been published by Parameswara in his
commentary to Lilavati,

Gregory and _Lcib:!il;z.seri:s for the inverse tangent of
Madhava: This series is said to be discovered by British

mathematican James Gregory (1638 AD) and in Europe by
German mathematician Gottfried Wilhelm Leibnitz (1646 AD).

In India this power series was discovered by Sangamagrama
Madhava (1350 AD). It is the first of the Tangent series ever
known to mathematicians.

It is also given in Kriyakramakari on Lilavati Kanda 2,
vrutta 40 and in Yukrtibhasha

FESITATeiaT FIEATEY WOy e SET
FoN FfEAY 9 TEFH WOHEEENAAT R e e
o o g Y o

AT SHEq 2 HIARGTEE Feran, A

M, SEEEH, W Ty Hg:
istapya-trifyayorghathath kotyaptam prathamam phalam ryavargam
gunakam kritva kotivargam cha haarakam prathamaadiphalebhyoa,
tha neya phalakrtir mubu: eka-tryaady-ojasankbyabbirabbakteshveteshu
anukramaat ofanam samyutesthyaktva yugmayogam dbanur bhavet

dob-kotyor alpameveba kalpaniyam iha smrtam labdbhinam
avasanam syanna thathapi mubu: krte
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Obtain the first result of multiplying the jya (R sine 6) by
the trijya (radius) and dividing the product by koti (R cos 8),
Multiply this result by the square of the jya and divide the square
by the koti. Thus we obtain a second result a sequence of the
further results by repeatedly multiply by the square of the jya
and dividing by the square of the koti. Divide the terms of the
sequence in order by the odd numbers 1,3,5,...; after this, add all
the odd terms and subtract from them all the even terms (withour
disturbing the order of the terms). Thus is obtained the dhanus
whose two elements are the given jyaand koti. (Here the smaller

of the two elements should be taken as the Jya, since other wise
the series obtained will be non finite)

Learc = Rsin® Cos0- R sin’6/3 Cos’0+R sin®6/5 Cos’8....
Arc = RTan0-1/3 R Tan’8 + 1/5 R Tan’6-1/7.__
OrTan® = 0-2%/3 + 65/5.... = $in8/Cos 8 = Tan 6

Leibnitz power series for [T of Madhava: The power series has
been mentioned by the same Kerala astronomer Sangamagrama
Madhavacharya. Even though the value of [T has been mentioned
in Aryabhateeya and exact value given by Bhaskaracharya II, in
Europe the value has been discussed by Lambert in 1671 AD.
However the same information has also been given by Nilakanta
Somayaji (1444 AD) in his commentary for Aryabhateeya. Bur
Leibnitz (1673 AD) has put forth a series on the [T which is thus
mentioned by Madhavacharya about 300 years before Leibnitz:

H Ry et ® vt =m armfied
Prfe fawmdenyraye @y Yoo AT |
vyase varidhi-nihate rupahrate vyasasaagaraabbibate tri-sana aadds\
vishamasaniehya-bhakianrnam svam pruthak kramat kieryat

Multiply the diameter by 4. Subtract from it and add to it
alternately the quotients obtained by dividing four times the
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dismeters by the odd integers 3, 5, 7,.... This will give the fine
value of the circumference i.e [I/4 = 1-1/3+1/5-.._.

The same :':t:;ries is also given by Puthumana Somayaji in
Karanapaddhathi, who is also known to be earlier than Leibnitz.

De Moiver's =?pruxim:tiun to the value of [] of Madhava:
This has been given by Madhavacharya in Yuktibhasha.

TEEEA T Fa FrgERiie Sifear e
FETACATH TGS e OIS T dgiewEar g
SIS : WS T, < @0 S0 e e
FmEq, o1 Y W @ sgFe somRigeeE
yatsankbyaaatra harane krte nivrtta brtis tu jamitaya
tasya urdhvagatasyas samasankhya taddalam guno ante syat
tadvargai rupahato haaro vyasabdbighatata: pragvat
tasyam aptam svamrne krte dbane sodbanan cha karaniyam
sukbma: paridhi: sa syat babukrtvo haranato atisuksbmas cha

.......... Let the process stop at a certain stage, giving rise to
a finite sum, multiply four times the diameter by half the even
integer subsequent to the last odd integer used as divisor and

then divide by the square of the integer increased by unity. The
result 15 the correction to be added to or subtracted from finite

sum. The choice of addition or subtraction is depending on sign
of the last term in the sum, The final result is the circumference

determined more accurately than by taking a large number of
terms:

Circumference = 4D (1-1/3+1/5-1/7 +.....)
Orl/4 = 1-1/3 + 1/5-1/7 + ........ (n+1)%/(n+1)¢ +1

This is the contribution of Madhavacharya, even though
now known in the name of a2 Western scholar.
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K. V. Sarma” in his book gives a theorem of Madhav,, op
higher level, for the approximation of the II. It is known as D,
Moivres theorem. It is given in the Kriyakramakari on Lilayg;
by Madhava (Kanda 2, vrutta 40.

I AU/ fafererd Feei SR
I T VEEEEE T § W™
T S 9G: GHEIResdl Yog BR:
fRRIfy e s W T @ 91 e 1
Asmat sukshbmataroanyo vilikhyate kashcanapi samskara:
ante samasankhyadalavarga saiko guna:, sa eva puna:

yugagunito rupayuta: samasankhyadalabato bbaved haara;
trisaradivisamashankhyabaranat param etad eve va karyam

A correction still more precise is being stated here. The
multiplier is the square of half the even integer increased by unity.
This multiplier multiplied by 4, then increased by unity and then
multiplied by half the even integer is the divisor. This correction
may be applied after the division by odd integers, 3, 5, etc. i.e

Circumference = 4D (1-1/3+1/5-1/7..... + ..-1/n(%(n+1)*+1
+((%(n+1)2x 4 +1) (%(n+1)
Different from the Leibnitz series, Madhava has also
developed another series for the approximation of IT which is
given in Yuktibhasha as follows:

vyasavargad ravibatat padam syat prathamam phalam
tadaditas trisankbyaptam phalam syad uttarottaram
rupaddyayugmasanklyabbir brteshv eshu yathakramam

visamanam yutestydktva samam bi paridbir bbavet
|
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Multiply the square of the diameter by 12 and extract the
square root of the product. That is the first term. Divide the frst

term by 3 to obtain the second, the second by 3 to obtain the

third and so on and thus get further terms, Divide the terms, in
order by the odd number L35 . Add the odd order terms to

and subtract the even order terms from the preceding. The result
will give the circumference.

Circumference ([] D) =

V12D2V12D%/3 x 3+V12D%/5 x 3 N12D¥/7 x 3 + ...
M=V12(1-1/3%x3+1/5%x3%x3-1/7x5x 3 x 53

This can be further simplified by taking the common factor

V12 x D, and the value of circumference or I1 can be derived
from that.

In Kriyakramakari, value of I] series is given by

Madhavacharya (Kanda 2:40) as:

faayerenfe gaern B Azwramon awEa:

T T gfv ot oifemem o wrge:
vibudha-netra-gajabi-hutasana tri-guna-veda-bha-varana-babava:
nava-nikharva-mite vrtivistare paridbi-manam idam jagadur budda:

When for a diameter of 9'! units, the circumference is equal
to 28 27433388233 units. From this the value of ] can be

calculated as 3.14159265359, which is the same on the modern
value of 3.14159265.

Tycho Brahe reduction of ecliptic of Achyutha Pisharati: In
the mathematical calculations the reduction of the ecliptic has
been reported to be derived by Tycho Brahe. However during
the same period Achyutha Pisharati, a famous Kerala astronomer
has also devloped the same reduction of ecliptic in his book

Sputanirnaya.

199

Scanned with CamScanner



T faueg wifeyeEsia e
SAGTIRIET, aunq faETRicEE |
ey SHTaeegay fewst w@oiq fau faut
TR gt e e ||
Patonasya vidhostu kotibhujayorjive mithastadayet
antyakshepasarabatam vadbamamum vikshepakotyabaret
labdbam vyasadaloddbrtam himakare svarnam, vipate vidhau
yugmayugmapadopage; vidburayam spashto bhagole bhavet

Multiply the tabular cosine and sine of the moon minus
node and the product by the tabular versine of the maximum
latitude of the moon. Divide this by the tabular cosine of the
latitude at the particular moment and the quotient is to be divided
again by the tabular radius. The result is to be added to or
subtracted from the moon's longitude, as the moon minus node
is in an even or an odd quadrant, respectively. The true moon
measured on the ecliptic is thus obtained.

Sarma has given the modern form of Achyuta's formula. If
F is the longitudinal difference between the node and the planet,
w the maximum latitude and y the actual latitude then the
correction k = sin F. Cos F (1 - cos F)/cos y.

It is said that in Uparagakriayakrama, Achyuta has given
another simplified formula for the reduction of ecliptic.

Infinite G.P. convergent of Nilakanta Newton's series : This
series was originally contributed by Nilakanta Somayaji in his
bhashaya. (Aryabhateeyabhashya Ganita 17)

T TIss TN THOE ST ey §EnT:
T A<M A FeemreE 9T STErEarEd:
TR, THA=Saryl 9oy, efafy s o ...

Evam yasthuthya ccheda paramabbaaga paramaparyayaa
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